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Chapter 1
Introduction

This work is closely related to the area of modelling of multiphase flow in porous me-
dia which is significant for many petroleum and environmental engineering problems. In
present-day industry, chlorinated hydrocarbons, petroleum products and similar materials
are essential and very frequent. Uncontrolled spreading of such materials may have strong
environmental influence. Furthermore, the storage of nuclear waste and recent advances
towards underground storage of C'Oy additionally raise safety and environment concerns.
A certain risk of accidental spillage of harmful materials always exists. Such spills may
result in release of these materials into the environment, which may cause pollution of
the groundwaters. With regards to geological repositories of nuclear waste, problems are
related to the flow of water and gas. In such cases the gas is most commonly hydrogen
and the most important source of the gas is the corrosion of metallic components (waste
containers) and water radiolysis by radiation issued from nuclear waste. It is important
to model and predict underground gas migration, in order to avoid overpressure and pre-
vent mechanical damages. Mathematical models and numerical simulations of multiphase
flows help in the development of cost-efficient, safe and suitable methods for the storage
of hazardous materials. Numerical simulations of such models can give an answer about
the pressure, saturation and velocity of the fluids involved in the flow, as functions of the
space and time.

This thesis is devoted to the study of immiscible, compressible two-phase flow in porous
media, taking into account gravity, capillary effects, and heterogeneity. A general case of
two compressible fluids will be considered. The usual set of equations describing this type
of flow is given by the mass balance law and Darcy-Muscat law for each phase, which

leads to the system of strongly coupled nonlinear partial differential equations. In such



systems there are several choices of primary variables. By algebraic manipulation over these
equations a fractional flow formulation can be obtained. In the fractional flow approach, the
two phase problem is seen as a total fluid flow of a one mixed fluid. In such a formulation,
the saturation of one of the phases and the global pressure are independent variables.

Motivation for introducing the global pressure is due to the strong coupling of the equa-
tions. Setting the global pressure as a primary unknown lessens the strength of coupling
between the coupled equations: the global pressure equation and the saturation equation.

The global pressure was first introduced in [15,25] and afterwards considered by other
authors, see [28]. The study of immiscible incompressible two-phase flow using the feature
of global pressure is well known, see [15,25,30]. This is not the case for two compressible
phases, except in the case of low capillary pressure so that the densities are assumed to
depend upon the global pressure which gives an approximative model, see [25,43] and the
references therein. In these situations, it is assumed that the nonlinear functions appearing
in the system depend upon the global pressure by ignoring the error caused by calculating
fluid phase densities at the global pressure instead of calculating them at the phase pressure.
These assumptions have limited the use of the global pressure formulation in numerical
simulations algorithmic implementations. A fully equivalent global pressure formulation
to the original system for the flow of water and gas was derived in [7]. A fractional flow
formulation for the general case of immiscible compressible two-phase flow was recently
derived in [8] without any simplifying assumptions, and this formulation is fully equivalent
to the original phase equations formulation, i.e. where the phase pressures and the phase
saturations are primary unknowns. A fully equivalent formulation for a case of three phase
flow was established in [24], and it has been further investigated in [31-33].

Comparison with other formulations [30] shows the computational effectiveness of the
global pressure when it can be employed. This may explain the current revival of interest for
the concept of global pressure for numerical modelling of multiphase flow in porous media,
especially in the case of compressible flow. Recently, the most common numerical methods
used to approximate derived systems are finite volume method combined with mixed finite
element method and discontinuous Galerkin finite element method. Methods where mixed
finite elements are used for the pressure equation have proven efficient in the case of
incompressible flow. In this thesis the vertex centred finite volume method is applied on
the derived system of equations. Vertex centred finite volume method allows the application
of an approximation of the finite element type so it can be naturally implemented with

libraries implementing finite elements [50].



Discontinuous porous media is a special problem for numerical methods, since at the
discontinuities the fluxes and (in general) phase pressures are continuous through the dis-
continuity of the medium, which would generally produce discontinuities in the main un-
knowns of the derived system. All these values need to be calculated locally, from the
globally assigned values. The discontinuous media has been a problem of study of many
authors, see [17,46,54-56,59].

Mathematical analysis of the two-phase flow in porous media has been a problem
of interest for many years and many methods have been developed. One may refer
to [6, 15, 16, 20, 25, 27, 36, 38, 40, 49, 66, 67] for more information on the analysis, espe-
cially on the existence of solutions of immiscible incompressible two-phase flow in porous
media. The case of miscible compressible flow in porous media is treated in [10-12,34,39].
However, the situation is quite different for immiscible compressible two-phase flow in
porous media, where only recently a few results were obtained. In the case of immiscible
two-phase flows with one (or more) compressible fluids without any exchange between the
phases, some approximate models were studied in [41-43]. In [41] certain terms related
to the compressibility are neglected, and in [42,43] the mass densities are assumed not
to depend on the physical pressure, but on the Chavent’s global pressure. In [44, 48], a
more general immiscible compressible two-phase flow model in homogeneous porous media
is considered with the assumption of the bounded capillary pressure function, which is too
restrictive for some realistic problems. In the case of immiscible two-phase flows with one
(or more) compressible fluids with the exchange between the phases, i.e. a multicomponent
model, the existence of weak solutions for these equations under some assumptions on the
compressibility of the fluids has been recently established in [51,62,63].

This thesis is organized as follows: in chapter 2 basic terms and equations on the de-
scription of the two-phase flow model in porous media are presented [17-19, 25, 30, 46].
At the end of the chapter several formulations of the model are presented with different
primary variables chosen. Also, since most of the simulations in chapter 4 involve het-
erogeneous porous medium, general treatment of the heterogeneity in the porous media is
discussed.

A new model using global pressure as a primary variable, fully equivalent to original
equations, derived in chapter 2, is described in chapter 3. The new model was introduced
in [7] for water-gas flow. In this chapter, the model is presented for the flow of two com-
pressible fluids, and is mainly represented in the article [8]. By setting the global pressure

as primary variable in the new fractional flow formulation, a computation of phase pres-



sures corresponding to a given global pressure requires a solution of a differential equation
(see (3.14)). The evaluation of the coefficients depending on phase pressures requires more
calculation in the fully equivalent fractional flow model (3.23)-(3.25) as compared to the
original model (2.20), (2.21). Numerically, this calculation can be performed by using
standard numerical libraries present in the literature. For this reason, a simplified frac-
tional flow formulation, which is not fully equivalent to the corresponding phase equations,
is presented. The simplified fractional flow formulation is compared to fully equivalent
fractional flow formulation by comparing the coefficients. The goal of the comparison is to
recognize situations in which approximate fractional flow formulation can be safely used
and to show differences in approximate and fully equivalent formulations in the cases where
these are significant.

In chapter 4 the finite volume method in one dimensional case for the new model is
presented. Special attention is paid to the treatment of the heterogeneities. In numerical
simulations, the fluids observed are water, considered as incompressible, and compressible
gas, such as hydrogen, concerning the gas migration through engineered and geological
barriers for the deep repository of radioactive waste. In the development and usage of
numerical models for immiscible compressible flow in porous media it is important to
verify the numerical model by means of adequate benchmark problems.

Recently, the French research group MoMaS (http://www.gdrmomas.org/) proposed
benchmark tests (http://www.gdrmomas.org/ex_qualifications.html) designed to improve
the simulation of the water—hydrogen flow related to corrosion of nuclear waste containers
in an underground storage.

The verification of the new global pressure model is shown on several test cases [52]
in the heterogeneous porous media. In the first test case, the initial conditions for phase
pressures are taken to be continuous and constant in the whole domain, so that the capillary
pressure is continuous and nonzero at the initial moment. The new and the simplified model
are applied to this test case, and the results are compared afterwards. In the second test
case, the initial capillary pressure is taken to be discontinuous, and the intensity of the
capillary pressure is taken to be very high compared to the initial gas pressure, which can
lead to numerical difficulties. The third test case is chosen to represent the effect of the
entry pressure, when the porous medium is initially fully saturated by the water.

In chapter 5 existence results of weak solutions for this new formulation for the two-
phase compressible flows are obtained. This section contains results from [9]. The equations

are rewritten by expressing the phase fluxes in terms of nonwetting saturation and global



pressure. Under certain realistic assumptions on the data also presented in this chapter,
an existence result, with the help of appropriate regularizations and the time discretization
is obtained. The system is firstly regularized with a parameter n > 0 in order to make
capillary pressure bounded, and a small constant is added to diffusivity term to obtain the
ellipticity of the discretized system. The existence of the weak solution for a regularized
system is shown, by introducing time discretization, so a small parameter h > 0 relating
to the time discretization is introduced. Afterwards, the existence of the solution for a
discretized problem is shown by applying Schauder’s fixed point theorem. A set of suitable
test functions is employed to get a priori estimates independent on h and the regularization
parameter 7, in order to pass to the limit in nonlinear terms when h tends to zero. This
gives the existence result for a regularized system. To pass to the limit as n tends to zero a
generalization of compactness lemma from [25,43,48] and a compactness lemma from [60]
is used. This approach permits considering heterogeneous media.

Appendix A contains further explanation on the implementation of the coefficients
of the fully equivalent global pressure formulation of compressible, immiscible two-phase
flow. The numerical code for their calculation is developed and implemented in C4++

programming language.



Chapter 2
Two-phase Flow in Porous Media

In this chapter the basic terms and equations for immiscible compressible two-phase fluid
flow in porous media are explained. The chapter is organized as follows: in the first section
the basic terms and laws regarding the porous media are presented. The second section is
devoted to two-phase immiscible compressible flow, and explanation of the terms needed
to describe this flow. The third section starts with the presentation of the governing
equations describing two-phase immiscible flow in porous media, written on macroscopic
level, and afterwards some basic formulations are presented. At the end of the chapter, the
treatment of the heterogeneous porous media is considered. Most of this chapter follows
the references [19], [17], [25], [46].

2.1 Porous Media

2.1.1 Basic Definitions

Every material composed of a solid part called solid matrix and a connected pore space
(void space) can be identified as a porous medium. The pore space can be filled with
one or more fluids. In order to derive valid mathematical model of fluid flow through a

porous medium, the medium must satisfy some additional properties [35], [17]:
e Pore space s interconnected.

o The smallest dimension of the pore space must be large enough to contain fluid par-
ticles. This property allows the application of the continuum approach at the pore

space scale.
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e Dimensions of the pore space must be small enough so that the fluid flow is controlled
by adhesive forces of fluid-solid interfaces and cohesive forces of fluid-fluid interfaces.

This property eliminates the case of network pipes.

Some of the examples of the porous media are: sand, soil, clay, sponge, etc.

If the pore space is filled by a single, or by several, completely miscible fluids, one speaks
about single-phase fluid flow in porous media. The term phase, as employed in [46] is used
to differentiate one or more fluids separated by a sharp interface. Two fluids are said to
be immiscible if a strictly defined interface between them exists. In such a system, each
fluid represents a different phase. The solid matrix is considered to be the solid phase.
Different phase properties are assigned to each phase, one fluid phase may differ from the
others by its density, dynamic viscosity and compressibility. Phases can also be composed
of different components. However, multicomponent flows are not considered in the scope
of this work. Further details may be found in [17,25,46].

2.1.2 Fluid Properties

Mass density of the fluid will be denoted by p. Generally, it is assumed to be a function
of the fluid pressure P, and temperature 7. In this work, only the isothermal flow is con-
sidered, which means that it is assumed that the density depends only upon the pressure,
and temperature 7T is involved only as a parameter. The density is constant if the fluid is
incompressible. In the case of the ideal gas the density is given by the equation of the

state:

P(P):ﬁ,

where R is the universal gas constant (R = 8.31J/Kmol), T is the temperature, and M is

the fluid molar mass.

Compressibility of the fluid is defined as

It is usually assumed to be a constant so, generally, the density can be given as

p(P) = poe "=,
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where P, is the reference pressure and py = p(Fp).
In the case of liquids, v is usually assumed to be very low. For example, the compress-
ibility of water is 5.1 x 1071°Pa~!. Fluids with low compressibility can be modeled as

incompressible, or the density is modeled as
p(P) = po+v(P — ) (2.1)

Such fluids are called slightly compressible fluids.
Another property of the fluid is dynamic viscosity [Pas, cP] which, in this work, will
be called simply viscosity. In this work it is assumed constant, though it can also depend

on pressure and temperature.

2.1.3 Macroscopic Scale

In the mathematical modelling of flow through porous media, different scales can be used.
Besides molecular scale (= 10~?m) one can use microscopic and macroscopic scale.

At the microscopic scale the system of Navier-Stokes equations is used, with some
assigned boundary conditions. The task of solving the Navier-Stokes equations in the pore
space is not practical due to the unknown pore space geometry. Moreover, the fluid flow
variations at the pore space scale, are not of interest. Therefore, one needs to set up
mathematical model at a larger scale.

Because of these reasons, the macroscopic scale is usually used, and in the flow de-
scription a continuum approach is applied. At the macroscopic scale, the porous medium
is assumed to be a continuum in which one does not distinguish the solid phase from the
fluid phases present in the pore space. On macroscopic level, macroscopic quantities repre-
sent average values of the quantities given on the microscopic level. Therefore, quantities
appearing in the macroscopic model, i.e. pressure and velocity, actually represent average
values over sufficiently large volumes.

Porous medium is called homogeneous if its properties do not vary in space or time.

Otherwise, the medium is called heterogeneous.
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A Domain of microscopic effects Domain of Domain of
«—— PoOrous ———— macroscopic
medium \ inhomogeneity
'

/ Heterogeneous

medium

homogeneous medium

Porosity

Yy

>
L REV diametar

o YR A (g A

Figure 2.1: Determination of the REV

Rock Properties

The porosity is obtained by an averaging procedure over elementary volume of the fol-

lowing pore space indicator function defined at the microscopic level

1 x € pore space
p(x) = vx € Q. (2.2)
0 x € solid

The porosity at the position xq is the following value:

1
Xg) = x)dzx.
(o) /K G

meas( K (xo, 7))

Here, K (xo,7) = {x: d(x,%0) < r} is called representative elementary volume (REV).

In the definition of macroscopic properties it is important to determine which radius
can be used to obtain a valid model. For example, when defining the porosity at the
point xq, the porosity is calculated for different radii. For very small radius the oscillatory
behavior is obtained, and after a certain value of the radius, the values of the porosity stop
behaving oscillatory. This is presented in the figure (2.1). A similar observation can be
found in [17], [19]. As explained in [19], the radius of the REV should satisfy

d<2r <L

where d is the length that characterizes the microscopic structure of the void space, and L
is the characteristic length of the porous medium domain.

The porosity is therefore a function of space, but, in more complex models, where the
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rock is deformable, it is assumed to be a function of the pressure.

Another macroscopic property of the porous medium is the absolute permeability K
[m? Darcy], usually a symmetric tensor describing the ability of the porous media to trans-
mit fluids. In the heterogeneous media it is space dependent and the media is isotropic
if K = kI.

The absolute permeability appears in Darcy’s law, which will be described in the next
subsection. In the two-phase flow system, besides the absolute permeability, the relative
permeabilities must be introduced, since the flow of each phase depends upon the presence

of other phases.

2.1.4 Derived Macroscopic Equations

At the macroscopic level, the macroscopic balance law for the one-phase system in a

porous medium € C R" can be rewritten as [17], [25]:

9(®p(P))

5t +div(p(P)q) = F (2.3)

where q [m/day] is a macroscopic apparent velocity, and F is a source (sink) term.

The macroscopic apparent velocity or Darcy velocity q [m/year] relates to the pressure

of the fluid with the equation called Darcy’s law.
1
q= —;K(VP — pg) (2.4)

where g is the gravitational, downward-pointing, constant vector and, as already men-

tioned, p is the fluid density, and P is the fluid pressure. Darcy’s law is actually the

momentum conservation of the Navier-Stokes equation on the macroscopic level [17].
Therefore, the equation which describes monophasic flow in the porous domain 2 C R",

with P as unknown (and q as unknown which is calculated by Darcy’s law) is:

9(2p(P))

ot - diV($K(VP —p(P)g))=F, inQ. (2.5)
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To this equation the following initial and boundary conditions are usually assigned:
P(x,0) = Py(x), P(x,t)=FPyx,t)only pq-n=gq,onl,,

where 02 =T, UT,,.

In the case of incompressible fluid flow, the initial condition for the pressure is not
necessary, since in that case one deals with an elliptic equation. Equations (2.4)-(2.3) can
also be rewritten for the case of a two-phase flow. In that case, however, several additional

definitions are needed. These will be presented in the next section.

2.2 Two-phase Flow in Porous Media

In the two-phase flow system, a wetting and a nonwetting phase are introduced. One
example of this kind of system is water-gas system, where the water is the wetting phase.
In the flow of oil and water, water is considered as a wetting phase, and in the flow of oil and
gas, oil is considered to be the wetting fluid. The wetting phase can be easily determined
by the following action: if one looks at a capillary tube, the convexity of meniscus is always

oriented towards wetting fluid, as presented in the figure (2.2). In this work the indices

nonwetting
phase

wetting
phase

Figure 2.2: Determining the wetting fluid

a = w,g, will denote the wetting and nonwetting phases respectively. To rewrite the
equations (2.3) and (2.4) in a two-phase flow case one needs to introduce aditional terms:

saturations, capillary pressure and relative permeabilities.

2.2.1 Saturation

Phase saturations S,, @ = w, g are macroscopic variables introduced in order to describe
the quantity of the volume of the phase at the point xq of the porous medium. Its definition
is similar to the definition of the porosity. For a phase a = w, g the phase indicator function
is [17]:
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1 x € phase a at time ¢
Pa(x,1) = )
0 x ¢ phase « at time ¢

The saturation of the phase « is defined as

o fRE‘V Pa (X’t) dx

S T

VXOGQ

where p(x) is the function defined by (2.2), and REV is assigned to the point xq
It clearly follows Y Sy(x,t) =1,and 0 < S, <1, =w,y.

2.2.2 Capillary Pressure

On the microscopic level two immiscible fluids are separated by clearly defined interface
which leads to a jump of pressure. This jump of pressure is called capillary pressure and

is equal to
P.=P,— P,. (2.6)

It is described by

P.=o (i + i) (2.7)

1 )

where o is the interfacial tension, and r; and ry are the main curvature radii of the surface
between the fluids. For smaller meniscus radii the capillary pressure is higher and vice
versa, for larger radii the capillary pressure is lower. One can conclude from this, that,
in the case of drainage - injection of the nonwetting phase in the area fully saturated by
the wetting phase - the wetting phase flows to smaller pores. On the contrary, when the
imbibition -injection of the wetting phase in the area fully saturated by the nonwetting
phase - is performed the wetting phase starts to fill the largest pores first.

Capillary pressure is always positive since the pressure of the nonwetting phase is higher
than the pressure of the wetting phase.

Macroscopic capillary pressure is an average value of the microscopic capillary pressure.

On the macroscopic level, there is no interface between phases, and in every point of the



2.2. TWO-PHASE FLOW IN POROUS MEDIA 13

porous medium domain one observes wetting and nonwetting pressure P, and F,, and
these are the average values of the values of the fluid pressures defined on the microscopic
level. Thus the equation (2.6) is also valid at the macroscopic level.

The macroscopic capillary pressure is assumed to depend on the saturation since, for ex-
ample, when drainage is performed one can conclude from the previous discussion that the
decrease of wetting phase saturation would produce the increase of the capillary pressure.
The values of capillary pressure function can be obtained experimentally by performing
drainage, or by performing imbibition. Since the measurements require certain amount of
time, theoretical formulae are commonly used in practice.

When the saturation of the wetting phase in the porous medium is equal to a cer-
tain small value S, the increase of the gas pressure will not displace the wetting phase.
Value S, is called the residual saturation of the wetting phase. The capillary pressure
is expected to have vertical asymptote at that point. Similarly, in the case of imbibition,
certain amount of nonwetting phase that cannot be displaced by a wetting phase exists,
so the saturation of the nonwetting phase cannot be lower than S,,, (the residual non-
wetting saturation). Therefore, the capillary pressure is naturally defined on the interval
|Swry 1 — Spy] -

It is natural to introduce the effective saturation

S — S Sy — Sy
Sew 1 - Swr - Sgr Seg 1 - Swr - Sgr ( 8)

which means that
Sw = Sur = Sew =0 and S, =1 -9, = Sepy =1

and clearly:
Sew + Seg = 1.

The capillary pressure is usually considered to be a function of the effective saturation.
Several analytical expressions of the capillary pressure exist. The two most important,

usually used in the description of water-gas flows are:

e Van Genuchten capillary pressure [64]

1

P.(Sew) = Pr(Seq — 1)

S|=

Sew €10,1], (2.9)
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van Genuchten model Brooks and Corey model

50

T 50 T
— n=1.49,Pr=2.00 — A=049,P, =031
— n=1.49,Pr=10.00 — A=049,P, =155
40 — n=250,Pr=200 [| 4 — A=150,P, =0.88 ||
—  n=2.50,Pr=10.00 —  A=1.50,P, =4.40
= 301 1 = 30
£ £
= =
& 20 " 20
10¢ i 100
8.0 O‘.Z 0‘.4 0‘.6 0‘.8 1.0 8.0 O‘.Z 0‘.4 0‘.6 0.8 1.0
s, s,

Figure 2.3: Capillary pressure for the van Genuchten and the Brooks and Corey models

where m =1 — %, and usually n € [1.49,5.0].

e Brooks and Corey capillary pressure [23]
1
Pc(Sew) - PdSew/\ Sew E]O, ].]7 (210)

Py is the entry pressure and the parameter A is related to the structure of the porous

medium. A value that is commonly used is A € [0.2,3.0].

Macroscopic capillary pressure can also depend on temperature and surface tension, but,

in this work, it is assumed that it is a function of the saturation only.

Remark 2.1. An equivalence can be established between the Brooks and Corey and van
Genuchten parameters. The main results are given in [53], and the equivalence is given by

the formulae

2
where p=3+—. (2.11)

. . .092p>
Aen—1 Py=Pr (p+3) (1478+81p+009p)’ ’

2p(p — 1) 55.6 + 7.4p + p?

Figure 2.3 presents a graphical illustration of the capillary pressures of the van Genuchten

and the Brooks and Corey models, for the equivalent respective parameters.

2.2.3 Relative Permeabilities

Each phase’s relative permeability is considered to be an increasing function of its own
saturation, which means that the phase is more mobile if it is more present in the domain.

It is always valid k7, (Sew = 0) = 0 and kry(Se, = 1) = 0. Two models of deriving
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the relative permeability functions form the given capillary pressure function are described
here, (Mualem’s and Burdine’s). More detailed presentations of these models can be found
in [26], [46].

e In the Mualem model, relative permeability functions are defined by the following

formulae

v (Sew) = S (fo iw S ) (2.12)

0 P.(s)
2

1 s
1 fSew le(s)
g (Sew) = (1= S [ =) (2.13)

0 P.(s)

e In the Burdine model, relative permeability functions are defined by the following

kit (Sew) = 52, (fo w_) (2.14)

fO P2(s)

formulae

krg(Sew) = (1= o)’ (f_(> (2.15)

0 P2(s)
Calculation gives the following van Genuchten Mualem relative permeability functions:

K (Sew) =S, (1-a- Sgi;)m)z (2.16)

(1-— Se%})?m. (2.17)

N

krg(sew) :(1 - Sew)

Also, the following Brooks and Corey Burdine functions are obtained:

3+2

krw(sew) = Sew (218)

rg(Seu) = (1= S (1 - Sff) . (2.19)

These functions are presented in the figure 2.4 for the S, = Sy = 0.05.
Remark 2.2. For the formulae (2.16)-(2.19) one obtains:

1. lim kr,(S,)P.(S,) = 0 for Brooks and Corey functions and for van Genuchten

Sew—0 c
functions.
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van Genuchten model 1.0 Brooks and Corey model

1.0
—  kry, A=049
os —  kr,, A=0.49
0.8 1 ' — kry A=150
— kry, A=150
0.6 ] 0.6
0.4} 1 0.4r
—_— krg, n=1.49
0l — kr,, n=149 | 0.l
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Figure 2.4: Relative permeability functions in the van Genuchten and Brooks and Corey
models for S, = Sy = 0.05.

2. lim kry(Sw)P.(Sw) = 0 for Brooks and Corey functions and for van Genuchten

Sew_’l ¢
functions.

3. kry(Sw)Pi(Sw) < 00 as Sew — 1 for Brooks and Corey functions, but not for van

Genuchten functions.

In this work it is mostly considered that S, = Sy = 0, unless it is other specified.

2.3 Governing Equations

The equations describing the immiscible, compressible two-phase fluid flow in the porous
medium are given by the mass balance equation for each phase and the Darcy-Muscat

law which relates the phase pressure gradient and volumetric phase velocity (see, e.g.,

[18,25,30, 46]):

@Q(Pasa) + le(paqa> = f‘a and Qo = _Kk’Ta<Sa>

P, — 2.2
ot Lo (V a pag)> ( 0)

where, as mentioned previously, ® and K are the porosity and the absolute permeability, of
the porous medium, which depend only on the space variable; and for & = w, g pa, Sa, Pha,
d. and pu, are, the mass density, saturation, pressure, volumetric velocity, and viscosity of
the a-phase; F, is the source/sink term, kr, is the relative permeability of the a-phase,

and g is the gravitational, downward-pointing, constant vector. In addition to (2.20), the
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following equations apply
Sw+ S8, =1, and P.(S,) =P, — P,. (2.21)

The primary variables are S,, P,, and q,. Here the porosity ® and the absolute permeabil-
ity K are functions of space and the viscosities i, jty are constant. Finally, the capillary
pressure and relative permeabilities are considered to be functions of the saturation only.
To simplify the notation their spatial dependence is omitted. The governing equations
(2.20)—(2.21) are strongly coupled, nonlinear partial differential equations. These equa-
tions can be transformed in other forms (see [29], [30]) by algebraic manipulation over

these equations and choice of primary unknowns.

2.3.1 Pressure-Pressure Formulation

In the system (2.20)-(2.21) one may select phase pressures as the main unknowns. Given

that the capillary pressure is an invertible function, the phase saturations are
Sa = Sa(P:) = Sa(Py — Py).

Thus the governing equations can be reformulated in the following way

@%(pg(Pg)Sg(Pg — P,)) +div(py(Py)q,) = F, (2.22)
@%(pw(Pw)Sw(Pg — Py)) +div(pu(Py)aw) = Fu (2.23)
ay = &L= DN (9, (pe) 221)

au = -k BB 0, g (R)g). (225)

The derived system is strongly coupled through the expression for the saturation. This
formulation is not commonly used [46], since it is inefficient for very small capillary pressure

gradients, which often occur in heterogeneous porous media.
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2.3.2 Pressure-Saturation Formulation

This approach will be explained on a system where the wetting phase saturation and the

nonwetting pressure are chosen as main unknowns. From (2.21) one easily obtains
Sg=1—-8, P,=P,— P.(S,).

Putting this into (2.20) the following system of equations in the porous domain © C R™is

obtained:

0

@2 (py(P)(1 ~ 5.)) + div(py(By)ay) = 7, (2.26)
00 (pu(P)S) + div(pu(Pu)tu) = F (227)

ay = —KUZL T, — 0, (P)e) (228)

@ =K (v, VR (S,) - pu(Rg) (229)

The derived system is strongly coupled and it can be assumed as a parabolic system. By
reformulation, one can see that this is not true [17]. The boundary and initial conditions

can be chosen as [17]:

Su(x,0) = Sp(x)  Py(x,0) = P)(x) x € Q (2.30)
Su(x,t) = Si(x,t) on 5%  Py(x,t) = P(x,t) on T}’ (2.31)
puw(Py)qw -1 = @, on F;fw pe(Py)qy -1 = @, on I (2.32)

Note that in the above: 80 = I} UTH? = IS U5,

In order to reveal the type of the system (2.26)-(2.29), it is worthwhile to examine
an another formulation which also includes one pressure, and one saturation as the main
unknowns. Therefore, the phase mobility functions are introduced:

_ kro(Sw)

Aa(su) 1 , a=w, g (233)

and the total mobility is

A(Sw; Py) = puw(Pu) u(Sw) + pg(FPy)Ag(Sw)- (2.34)
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Then the fractional flow functions

Fu(Su P,) = % o= w,g. (2.35)

and also the following nonlinear functions:

(Aw(sw)pw(Pw)Q + )‘Q(Sw>pg(Pg)2)
A(Sw, Py) '

p(Sus Py) = (2.36)

Pu(P) Pg(Pg) Aw (Sw) Mg (Sw)
A(Sw, Py) ’

by(Sws Py) = (puw(Puw) — pg(Fy))a(Sw, Fy),  a(Sw, Py) = —a(Sw, Py) Pe(Sw)- (2.38)

a(Sy, Py) = (2.37)

are introduced. In the above formulae the nonwetting pressure P, and the wetting phase
saturation S,, are chosen as independent variables.
Rewriting the equations (2.20)—(2.21) by summation of the two equations and intro-

duction of total flux, Q; = pw(Puw)dw + py(F,)dy, one obtain the following:

(I)%(Swpw(Pw) + (1= Su)pg(Fy)) (2.39)

— div (A(Sun PQ)K [Vpg - fw(Swv Pg)VPC(Sw) - p<Swa Pg>g]) = Fu+ fgv

Q= —A(Sw, P)K (VP = fu(Sw, Py)VE(Sw) = p(Sw, Py)8) , (2.40)

0 _ :
q)E(pw(Pw)Sw) +div(fu (Sw, Py)Qt +by(Sw, P))Kg) —div(a(Sy, P))KVS,) = F,. (2.41)
The governing equation for the saturation (2.41) is a nonlinear convection-diffusion PDE
and the equation for pressure (2.39) is a nonlinear PDE strongly coupled to the saturation
equation through the gradient of capillary pressure and the time derivative term. The

boundary and initial conditions for this system can be again defined with (2.30)-(2.32).
Remark 2.3. Phase fluzes can be expressed through the total flux as:

pw(pw)qw - fw(sw7 Pg)Qt - G(Sw, Pg)KVSw + bg(sun Pg)ng (242)
Pg(Py)dg = fg(Sw, Py)Qs + a( Sy, Py)KV.S, — by(Sw, Py)Kg. (2.43)

Remark 2.4. Starting with the (S, P,) formulation the coefficients (2.33)-(2.38) may
be rewritten as a functions of the variables (S,, P,) by changing the variable as follows:

Sy =1-2S, and P, = P, — P.(S,). This way one obtain the following system of equations:
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B9 (1~ 5,)0u(Pu) + Syp0(P,) (2.41)

— div(A(Sg, Pu)K [V Py + fo(Sw, Pu)VP(Sg) — p(Sy, Pu)gl) = Fu + Fy,
Qi = —A(Sy, Pu)K(VPy + f4(Sg, Pu)VE(Sg) — p(Sg, Pu)8) (2.45)
@%(pg(Pg)Sg) + div(fy(Sw, Puw)Qt — by(S,, Puw)Kg) — div(a(S,, Py)KVS,) = F,. (2.46)

Incompressible Case

In the case where the two fluids in the porous medium are incompressible, the mass balance

law for each phase can be divided by the phase density. By introducing the total velocity

q: = qu + Qg
and the coeflicients

AC(S,) = Aw(Sy +Ag Se

fur(Sw) = A (Sw) /X" (Sw)  fo(Sw) = Ag(Sw
P (Sw) = (Mu(Suw)puw + Xg(Sw)pg

a(S1) = A (Su)Ag (Suw) /NS

by(Sw) = (Puw — pg) ™ (Su

(Sw) = —a™*(S,) Pi(Sw)-

a c

one obtains the following equations:

div(a:) = Fu/pw + Fy/pg (2.47)
0Sy

CIDW + div(f(Sw)a: + Kgb)“(Sw)) — div(a™(Sw)KVS,) = Fu/pu. (2.48)

where

C

= —N(S,)K [VP, — f(Su) PUS) VS — o™ (S.)g] (2.49)
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and the following expressions for the velocities:

Quw = f;;nc(sw)Qt - Kainc(sw)vsw + Kgb;nc(sw)
dg = £ (Sw)a + Ka™(S,) V.S, — Kgbl'“(Sy).

One can see that in the incompressible case the coupling between the two equations is
less strong since the time derivative term does not appear in equation (2.47). It is shown
[15,25](see also section 3.1 ) that by introducing a new variable called global pressure this

coupling can be weaken even more, giving the system well defined mathematical structure.

2.4 Discontinuous Porous Media. Interface Condi-

tions

Porous media are usually heterogeneous, which introduces additional difficulties in mathe-
matical modelling, since the heterogeneity must be treated properly, and some additional
conditions at the interfaces must be introduced. Assume that the porous medium €2 is
composed of different rock types. Without loss of generality and for the sake of simplicity,
the case of two different rock types will be considered (2 = Q™ U Q™2), as presented in
the figure (2.4). In heterogeneous media, each rock type can have different permeability,
porosity, relative permeability and capillary pressure functions. The main difficulty that
arises from heterogeneity is that, in general, primary unknowns can have discontinuities
across the interface. The case when P.(1) = 0 is firstly considered. At the interface the

following conditions must be satisfied:

1. There is no loss or production of the mass, resulting in the condition that
puw(Puw)dn - 0, pg(Py)q, - 1 are continuous across the interface.

n is taken here to be the vector normal to the interface pointing in the direction 2™2.

1
Pcm Sml st Pcmz
4
1 /
krn‘; m2 krvx?z
krgnl kr;’,’nz

Kml T sz

interface
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2. If the two-phase system is present at each side of the interface, and both phases
are mobile (which means A, (Sy,), Ay(Sy) > 0), it is assumed that the intensive state
variables are continuous at the interface, which means that the phase and capillary

pressures satisfy:

Pcml t) = Pgﬁ(xinterface;t)
Pgml (xinterfaceat) = P5n2<xinterfaceat>
P t) =P

(xinterfacea )

(xinterfac& )

(ﬁmterfacea t)

The second condition is derived from the boundedness of the phase fluxes, in the case when
both phases are mobile at the interface.

The consequence of the continuity of the capillary pressure is that the saturation vari-
able is generally discontinuous at the interface, and has two limiting values S™ and S™?
in the interface point.

However, a common situation is having the entry pressure involved in the model de-

scribing capillary pressure (like in Brooks and Corey capillary pressure) which means
P.(1) = P,.

In such a case capillary pressure does not need to be continuous. One can observe situations
like the one presented in the figure 2.5, where the entry pressures for different rock types
are not the same. In these situations one phase pressure is also discontinuous, since the

phase and capillary pressures are connected by the equation (2.21).

Remark 2.5. As described in [37] when the porous media is initially saturated by the
wetting phase, and the nonwetting phase is injected, the meaning of the “entry pressure”,
can be described as follows: the nonwetting phase will cross the interface only when the
capillary pressure P™ s greater then the entry pressure P72. When this happens, the
capillary pressure becomes continuous at the interface. If the capillary pressure P™ s
smaller than P7'?, the nonwetting phase will not cross the interface, and the capillary
pressure will be discontinuous. Since, in this example, the wetling phase is mobile, the
wetting phase pressure will be continuous at the interface, which is not the situation for

the nonwetting phase pressure.
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Figure 2.5: Capillary pressure with the entry pressure

One can describe the behavior of the saturation in such a case by this simple condition,

as described in [17], [37], [59] called " extended capillary pressure condition”:

gm2 _ )1 for St > S 250
’ (Pm2)=1(Pm(SmY))  for Sm1 < S ‘

Here the threshold saturation S, is introduced by the formula
S = (PI)THP™).

For van Genuchten model, the capillary pressure is always continuous, so one may safely

assume the threshold saturation S}, to be equal to 1.

Remark 2.6. In the case of multiple rock types, in higher dimensions, the interface con-
ditions are the same, assuming that these conditions for each pair of the materials are

observed.

2.5 Conclusion

In this chapter the basic properties of the porous media are described and the basic notation
is laid out. The equations (2.39)-(2.41) have been presented with the wetting saturation

and the nonwetting pressure as the main unknowns. The derived equations are strongly
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coupled and in order to make this coupling less strong, in the next chapter a new model

of compressible two phase flow based on the concept of the global pressure is derived.
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Chapter 3

A New Global Pressure Formulation
for Immiscible Compressible Flow in

Porous Media

The concept of global pressure was first introduced by [15,25] and investigated by the other
authors afterwards (e.g. [28], [30]). Motivation for introducing the global pressure is due to
the strong coupling of the equations describing two-phase immiscible flow. By setting the
global pressure as a primary unknown, the coupling of the derived equations becomes less
strong. Also, equations with well defined mathematical structure are obtained. The global
pressure has been used in a wide range of numerical simulations, especially in hydrology
and petroleum reservoir engineering, see for instance [30]. In the incompressible case, the
fractional flow formulation has been proven far more computationally efficient, if compared
to the two-pressure approach [30].

In the case of immiscible compressible two-phase flow, the concept of global pressure has
not been applied until recently. An exception is its application in certain approximative
models, see [25,43] and references therein. Since comparisons with other formulations
[30] have shown the computational effectiveness of the global pressure, it is worthwile to
investigate its effectiveness in the compressible flow case.

A fully equivalent global pressure formulation to the original equations (2.20)-(2.21)
for water-gas flow was derived in [7]. For the three-phase compressible flows case a global
pressure formulation fully equivalent to the original equations was derived in [24], and
afterwards considered in [31-33].

In this chapter a fully equivalent fractional flow formulation is introduced with the
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global pressure as a primary variable [8]. The general case of two immiscible compress-
ible fluids is considered. This formulation leads to a system which consists of a nonlinear
parabolic global pressure equation and a nonlinear diffusion-convection saturation equa-
tion.

In section 3.3 a simplified fractional flow formulation described in [25] is recalled and its
deficiency for certain pressure ranges is shown. Subsequently, a modification that makes
the model more applicable is proposed. A comparison of the fully equivalent fractional flow
model with the simplified one is given in section 3.4. The two models differ solely in cal-
culation of coefficients. Thus the coefficients are compared in order to recognize situations
where the simplified formulation can be safely used. The comparison also elaborates the
differences between the simplified and fully equivalent formulation where the differences are
significant. This will be also commented in the chapter on numerical simulations. Finally,
for the purpose of numerical simulations, treatment of heterogeneity in global pressure

models is discussed.

3.1 Global Pressure in Incompressible Case

In order to make coupling of equations (2.47)-(2.48) less strong, a new variable called global
pressure was introduced [15,25]. This new pressure-like variable is intended to give the
total velocity (2.49) the form of Darcy’s law, and eliminate the saturation gradient in total
velocity formulation [17,25]. The idea is to have:

VP, — fi"(S,)P(S,)VS, = VP (3.1)

c

and this equation is going to be satisfied if

P=PF,—P(1)+ [ fuo(s)Pi(s)ds, (3.2)

which gives

P,<P <P, (3.4)
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After rewriting equations (2.47)-(2.48) the following equations including P as primary

unknown are obtained:

ar = —A"(S,)K(VP — p"(Su)g), (3.5)
div(ar) = Fu/puw + Fy/pg (3.6)

89S, . . | o
D div(£(Su)ets + Keby(S,) — div(@"™(S.)KVS,) = Fu/pu (37)

The equation (3.7) is a nonlinear convection-diffusion equation. The diffusion term is
degenerate, which means that ¢ = 0 when the wetting saturation is S,, = 0,1. The
equation for the pressure is a family of elliptic equations (one for each ¢ € ]0,T[). These
two equations are connected through the total velocity and the coefficients which depend
on S,. By introducing the global pressure in the equation, the system is less strongly
coupled and derived equations are well mathematically structured. In the next section the

case of two compressible fluids is considered.

3.2 A Fully Equivalent Fractional Flow Formulation

In the case of two compressible fluids the same idea as in the case of the incompressible
fluids is followed. The capillary pressure gradient term can be eliminated from (2.39) by

expressing the total flux Q; as the Darcy flux of some mean pressure P, which leads to
VP, — fu(Sw, Py)P.(Sw)VSy, = w(Sy, P)VP, (3.8)

where the function w(S,, P) is to be determined. To that aim assume that nonwetting

pressure is an unknown function P, such that
Pg:Pg(Sw’P)’ (39)

and this function relates to new variable P (the global pressure) and a nonwetting pressure
P,. The global pressure is expected to be an intermediate pressure between P, and F,.
From (3.8) and (3.9) one have

VP, = w(Su, PYVP + fu(Sw, Py(Sw, P))P(S0)VSu,
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or

OF, 0P,

5 og (S P)VSu 4 2 (Suy P)VP = w(Su, PYVP 4 fu(Ss Py Sy P))PUSu)V o

Since P and S, are independent variables one must have

00 (50, ) = 1l By(S, P EL(S.) .10)
OF,
op (Sur P) = w(Su, P). (3.11)

The equation (3.10) will be integrated to obtain P, (S, P), and use (3.11) as a definition
of w. By setting P,(1, P) = P + F.(1), it follows
Sw

Py(Su.P) =P+ P(1)+ |  fuls, Py(s, P))P(s)ds, (3.12)

1

which gives
P < Py(Sw,P) < P+ P.(Sw),

and therefore P, < P < P,. The formula for the wetting phase pressure can be obtained
easily
S’U}
P,(Sy, P)=P — fo(s, Py(s, P))P.(s)ds. (3.13)
1

The integral equation (3.12) can be rewritten in a form of the Cauchy problem for an

ordinary differential equation as follows:
dBy (S, P) _ puw(By(S, P) = P(5)) A (S) PE(S) <1
ds pu(Fy(S, P) = Fo(5)Aw(S) + pg(Pe(S, P))Ag(S) (3.14)

P,(1,P) =P+ P.(1).

The problem (3.14) can be given in a form that is easier to solve by introducing the capillary
pressure as an independent variable. Since the capillary pressure is invertible, u = P.(S,,)
can be written as S, = S, (u); any function of the wetting saturation f(.S,,) can be replaced

by the corresponding function of capillary pressure f(u) = f(Sy(u)).

Remark 3.1. A common situation is also to have P.(S, = 1) = Py, where Py > 0 is an
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entry pressure. In that case wetting and nonwetting relative permeabilities, for capillary

pressures in the interval (0, Py), are naturally defined as one and zero respectively.

The function P,(u, P) as a solution of the Cauchy problem (P is a parameter) is intro-
duced,

dpg(u,P) _ _ pw(pg(%’P)_u)S‘W(lo _ u> 0.
Q" pu(Bylu, P) — w)ha(u) + g, P)Ag () (3.15)

#(0, P) = P + P.(1).

For problem (3.15) it is easy to see that it has a global solution pg(u,P), and then a
solution of (3.14) is given by

PQ(SUMP) = pg(Pc<Sw)7P)'

Having found the function P, one obtains a formula for w based on the equation (3.11).
In the first place, a new notation for the coefficients which now depend on the global
pressure P instead of the phase pressures P, and P, is introduced. All these functions are

denominated by a superscript “n” as new:

Pu(Sw, P) = pu(Py(Sw, P) = Pe(Sw)),  pg(Sw, P) = pg(Fy(Sw, P)), (3.16)
)‘n(SUHP) - pZ(Sw,P)/\w(Sw) +pZ(Sw7P))‘9<Sw)= (317)

n - P (Sw, P) A (Sw) n - PZ(SwaP)Ag(Sw)
oS P) = PSSR (S, P) = P (3.18)
7" (Sus P) = p(Sus Py(Sws P))s a"(Sws P) = (S, Py(Sus P)), (3.19)
DSy P) = by (S, Py (S, P)). (3.20)

Note that the coefficients (3.16)-(3.20) are obtained from (2.33)-(2.38) by replacing P,
by P,(Sy, P) and P, by P,(Sy, P) — P.(Sy). Fluid compressibilities are defined as:

Pu(By(5, P) — Pe(5)) Py(Py(S, P))

pg(Fy(S, P))’

From (3.10) and (3.11) it follows that w(S,,, P) satisfies a linear ordinary differential

equation

V(S p) = VS, P) = (3.21)

ow ,
W(Sw’ P) = 8quw(sw, Pg(Sw,P>>PC(Sw>W(Sw, P)7
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(P being a parameter) which has a solution

P8, P)pg (5, P)Au(8)Ag(s) PE(s)

w(Sw, P) = exp (/Sw(yg(sj P) = vy(s, P)) (p2 (s, P)Aw(s) + PZ(Sa P)Ag(s))

ds) , (3.22)
where w(1, P) = 1, as a consequence of P(1, P) = P+ P.(1). From (3.22) it is evident that
w is strictly positive function and it is less than one if the nonwetting phase compressibility
is greater that the wetting phase compressibility.

Finally by replacing P, with P,(S,, P) in equations (2.39)-(2.41), and using (3.8), one

obtains the following system of equations:

B0 (S0 Sur P) + (S0 P)1 — 51) (3.23)

— div ()\”(Sw, PYK(w(Sw, PYVP — p"(Sa, P)g)> = Fu+Fy
Qi = —~N(Sw, P)K(w(Sw, P)VP — p"(Su, P)g), (3.24)

(I)%(Swp’fu(Sw, P)) + div(fy,(Sw, P)Q: + b;(Sw, P)Kg) = div(a"(Sy, P)KVS,) + Fu.
(3.25)

The system (3.23)-(3.25) is expressed in the variables S, and P. The phase pressures
P, and P, are given as smooth functions of S, and P through P, = P,(S,,P) and
P, = Py;(Sw,P) — P.(Sy). Since the derivative 0P,;(S,, P)/0P = w(S,, P) is strictly
positive, one can find the global pressure P in the form P = n,(S,, P;), with certain
smooth function 7, allowing the conclusion that the flow equations (3.23)-(3.25) are fully
equivalent to equations (2.39)—(2.41), and therefore to (2.20), (2.21).

Using the global pressure the total low Q; can be rewritten in the form of the Darcy-
Muskat law. The global pressure can be then interpreted as a mixture pressure where the
two phases are considered as mixture constituents (see [65]). Note that the sum of “phase

energies” can be decomposed as

P0(Po)Ao(Su)KV Py - V Py + po(P) Ay (S0w)KV P, - VP,

(3.26)
= \"(Sy, P)w(Sy, P)*)KVP - VP + a™(S,, P)KVP.(S,) - VP.(Sy).

The equation (3.26) shows again physical relevance of the global pressure. The way how

the formula (3.26) is obtained is going to be shown in the chapter 5.

Remark 3.2. If the nonwetting saturation S, is chosen as a main variable, one obtains
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the following formula for the nonwetting and the wetting pressure.

Sy
P,(S,,P) =P+ P.(0) + Jw(s, Py(s, P))P.(s)ds (3.27)

0
where is taken that fractional flow function depends on nonwetting saturation and nonwet-
ting phase pressure and it is obtain from (2.35) by setting S, = 1 —S,. The wetting phase

pressure is given by

Pw(sg7p) = Pg<ngp) - PC(SQ)' (328>
OP,(S.. P)  OP,(S,, P
S

and a calculation shows that it can be expressed by the formula:

o P PDlDOFL) )
(05, PINuls) + 055, P )

Sg
w(Sy, P) = exp (—/ (vy (s, P) —v,(s, P))
0
(3.29)
In such a case, as explained in remark 2.4, the coefficients (3.16)-(3.20) depend on the
nonwetting saturation and the global pressure P just by a simple change of variable S, =

1 — Sw,. The formulae are the same, only the dependence is changed. For the diffusivity

coefficient one obtains

PZ(SWP)pZ(SgaP))‘w(sw))‘g(sg)Pl(Sg)'

a(Sg,P) = )\n(S P) c
g»

This formulation with the nonwetting saturation is going to be used in the chapter 5, in
proving an ezistence theorem. For the sake of problem formulation and notational simplic-

ity, the main variable will be chosen to make the capillary pressure an increasing function.

In numerical simulations based on the system (3.23)—(3.25), one has to compute the
coefficients (3.16)—(3.22) by integrating the equation (3.15) for different initial values of
the global pressure P. From a practical point of view, one can solve (3.15) approximately
for certain values of initial data and then use an interpolation procedure to extend these
values to the whole range of interest. The necessary calculations can be done in a prepro-
cessing phase, without penalizing the flow simulation. This approach is employed in the

implementation of the practical part of this thesis.
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3.3 A Simplified Fractional Flow Formulation

In the existing literature the concept of global pressure in two and three phase compressible
flow models is always introduced by means of an approximation. More precisely, it is
assumed that one can ignore the error caused by calculating the phase density p, at the
global pressure P instead of the phase pressure P,. This assumption is introduced in [25]
and used in petroleum engineering applications (see, e.g., [29,30]), but it cannot be satisfied
for all the existing immiscible compressible two-phase flow. The simplified global pressure
formulation will be described for the case of two phase flow. It will also be compared to
the new formulation introduced in the previous section.

Assuming that one can replace the wetting pressure in the fractional flow phase function

with the global pressure P, the equation (3.8) is transformed to

VP, — fu(Su, P)P(S0)V Sy = w(Sa, P)VP,

which can be satisfied by
Pc(Sw) N
P, =P+ P.(1) —v(Sw, P), ~(Sw,P) = —/ fuw(u, P) du, (3.30)
0

where, as before, f,,(u, P) = fu,(Sy, P) for u = P,(S,), and relative permeabilities are for
P.(1) # 0 defined as in remark 3.1. From (3.30) it follows

0
VP =VP, + a—PV(Sw, P)VP — f,(Sw, P)Pc’(Sw)VSw,
which means that
w(Sy,P)=1— a—Pfy(Sw, P). (3.31)

The total flux now obtains a form of Darcy’s law:

Q: = —\(Sw, P)K(w(Sw, P)VP — p(Sy, P)g). (3.32)
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The system (2.39)—(2.41), written in the unknowns P and S,,, now takes the form:

B0 (SupulP) + (1~ Su)py(P) (3.33)
— div (A (Sy, P)K[w(Sy, P)VP — p(Sy, P)g|) = Fu + Fy,

Qi = ~A(Sus PYK((S0r P)VP = plSu. P)g). (3:34)

© 0 (Supul(P) + div(fu(Su, P)Qu + Keby(Sa, P) = div(Ka(S,, PIVS,) + Fr (335)

where, according to the initial assumption, one systematically approximates p,(F,) with
pg(P) and p,(P,) with p,(P). The coeflicients in (3.33)-(3.35) are, therefore, given by

A(Sw; P) = pu(P)Aw(Sw) + pg(P)Ag(Sw)- (3.36)
fa(Sw, P) = pa(P)Aa(Sw)/A(Sw, P),  a=w,g, (3.37)
P(Sw, P) = (A\u(Sw)pu(P)* + Ag(Sw)pg(P)*)/M(Sw, P), (3.38)
a(Sw, P) = pu(P)pg(P)Auw(Sw) Ag(Sw) /A(Sw, P), (3.39)
by(Sws P) = (pu(P) = pg(P))(Sw, P), (3.40)
a(Sy, P) = —a(Sy )Pc’(Sw) (3.41)

and (3.31). It is clear that the systems (3.33)—(3.35) and (3.23)—(3.25) differ only in the

way their coefficients are calculated.

Remark 3.3. Note that (3.30) defines P, as a function of S, and P in a form P, =
Py(Sy, P) = P+ P.(1) = v(Sw, P), but for fired P, and S,,, (3.30) is a nonlinear equation
in P and its solvability is to be demonstrated if one wants to have an invertible change of
variables. From (3.30) it also follows that the new global pressure P is between the two

phase pressures:
P, <P <P,

With regards to the question of well-posedness of the simplified global formulation, the
system (3.33)—(3.35) is physically relevant only if the function w, introduced by (3.31), is
strictly positive since w is a certain correction factor of the total mobility that takes into

account that the nonwetting pressure is now a nonlinear function of the global pressure.
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This function can be written as

PR A (1) A (1) du M'(P 3.49
/ ) e M) 2

where

M(P) - py(P) pe(P) pQU(P)> ‘ (3.43)

~ pu(P) pg(P)  pu(P)

The condition w > 0 is critical only in the case where the nonwetting phase compressibility

M'(P) = M(P) (

is greater than the wetting phase compressibility, which is usually the case. In that case

~

[T et
0 Cul) + M(P)A,(w)

—duM'(P) <1, (3.44)

for all pressures P in the range of interest. Under the condition (3.44) the change of
variables (Sy, P) — (S, P,;) is invertible.

Lemma 3.1. For given P, > 0 and 0 < S,, < 1, assume that the condition (3.44) is
satisfied for P € (P,, P,), with P, = Py, — P.(Sy). Then, the global pressure P is well
defined by the equation (3.30).

Proof. For S, =1 is obviously P = P, < P,. For S, € (0, 1) one defines a function

pu(P)Au(w)

= = du.
Aw(u) + pg(P)Ag(u)

P:(Sw)
<I>SMP:P+P01—P+/
(P) W-r+ [

The global pressure P is defined by ®g,(P) = 0. Note that & (P) = w(S,, P), and by
(3.44) one has @ (P) > 0 for all P € (P, P,). It easily follows that ®g, (F,;) > 0, and
g, (Py) <0, so that g, must have a unique zero in interval (P, FPy). O]

Note that the condition (3.44) is not always satisfied in the whole range of the global
pressure P. Taking, for example, incompressible wetting phase and the ideal gas law

pg(P) = ¢, P for a nonwetting phase, (3.44) reduces to

~ ~

[y,
0 (PwAu(u) +cgPAg(u)?
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In the terms of wetting saturation variable this integral can be rewritten as

JCRENEIVET I
0 (pudals) + P ()7

and since in the case of the van Gencuhten and Brooks and Corey functions the function
| Aw(Sw) Ay (Sw)PL(Sy)| is always bounded for S, €]0, 1] with finite limits for S,, — 0 and
Sw — 1, and for P > 0 the denominator in the above formula is always strictly positive,
the above integral exists, and it’s value can be controled by P. So, the above integral will
be generally lower than 1 only for P sufficiently large. Therefore, the simplified fractional
flow model is not well defined if the field pressure in the porous domain is not sufficiently
large.

In order to correct this deficiency of the simplified fractional flow model the function
w will be redefined. The formula (3.42) was obtained as a consequence of calculation of
mass densities p,, and p, in the global pressure instead of the appropriate phase pressure.
One can make this kind of approximation directly in the formula (3.22) for w in a fully

equivalent fractional flow model, leading to

oo L P PP PN GIP)
wtseo ) =esp ([ 0l =D 8 TR )

PeS0) A (1) Ay (1) )
v . ) ) 3.45
v ( /0 ( )(/\w(u) + M(P)Ag(u))? o

A benefit of the formula (3.45), in contrast to (3.42), is its strict positivity. It is clear that
the formula (3.42) gives only the first two terms in Taylor’s expansion for the exponential
function in (3.45) and these remarks allow us to conclude that (3.45) is a more consistent
approximation than (3.42). Consequently, in numerical simulations with the simplified

fractional flow model, w given by (3.45) will be used.

Remark 3.4. There is an another way of introducing a global pressure in compressible
two-phase flow based on approximate calculation of mass densities. Namely, for the case

P.(1) =0, one can use the global pressure definition from incompressible case [25]:

B ! Aw (s ,
P=P - /Sw WEFS WAL 0L (3.46)

This change of variables permits to eliminate the saturation gradient from the total velocity,

qr = Qu + q,. However, it will not eliminate it from the pressure equation (2.39), except
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in the case p,(P) = py(P). In that particular case, the global pressure (3.46) is the same
as the global pressure in the simplified fractional flow formulation presented in this section.
Further formulation based on (3.46) will not be considered in the scope of this thesis. Note

that the existence of its weak solution was recently proved in [43, 44]

3.4 Comparison of Fully Equivalent and Simplified

Formulation

Note that the simplified assumption introduced in Section 3.3 leads to a fractional flow
model in which the coefficients are calculated from the mass densities, the relative perme-
abilities and the capillary pressure, without solving a large number of the Cauchy prob-
lems for ordinary differential equation as in (3.23)—(3.25). This makes the simplified model
(3.33)—(3.35) interesting and raises a question of error introduced by replacing systemati-
cally the phase pressures with the global pressure in the calculations of the mass densities.
This question will be addressed by comparison of the coefficients of the two models. Also
these two models are going to be compared by performing the simulation in Chapter 4.
From now on, the model based on equations (3.23)—(3.25), and coefficients defined by (3.14)
and (3.16)—(3.22), will be referred to as the new model. The model based on the equations
(3.33)—(3.35), and coefficients defined by (3.36)—(3.41) and (3.45), will be referred to as the
simplified model. It is assumed that P.(1) = 0.

3.4.1 Comparison of the Coefficients

The difference in the coefficients of the two models is introduced by replacing the fluid
phase pressures P, = Isg(u, P) and P, = Pg(u, P) — u with the global pressure P. The
differences P, — P and P — P, will be estimated based on P, < P < P, and the mass
density being a non decreasing function for the corresponding phase pressure.

> 2lP) M(P), (3.47)

pw(P>

where M (P) is introduced in (3.43). From (3.12) it follows

py(Fy)
Pw(Pw>

0< P,(S P)—P:/PC(SW) - (1) )
< Py(S. 0 M)+ (g(Po)/pu(Po)AS()
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Figure 3.1: Phase pressures P, = P,(u, P) and P, = P,(u, P) — u, for two fixed global
pressures P = 0.5 and P = 5 MPa, as functions of capillary pressure u.

and using (3.47)

FelSu) 5‘w(u)
0< P)(Sy,P)—P< /0 S\w(u) n M(P)j\g(u) du. (3.48)

Note also that in general, the relative permeability functions depend on a dimensionless
variable of the form v = u/P?, where u is the capillary pressure and P? is some character-

istic capillary pressure value. In that case a simple change of variables yields,

~

Aw (V)
+ M(P)A,(v)

—+o00
0< Py(S,,P)— P< PCO/ . dv, (3.49)
0 (V)

where the integral on the right hand side is independent of the strength of the capillary
pressure.

For the difference between the wetting fluid pressure and the global pressure one obtains,

du, (3.50)

and therefore

. du< P — P, < P.(S,). (3.51)

From these estimates a several conclusions can be drawn. To simplify discussion, only

the most common case will be considered. This is the case where the nonwetting phase is
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more compressible than the wetting phase, i.e. the case in which P +— M (P) is increasing,.

1. The global pressure will be uniformly close to the gas pressure if the characteris-
tic capillary pressure P is small. Following (3.49) one obtains that the difference

between the global and the gas pressure is smaller for higher global pressures.

2. Considering (3.48) and (3.51) and for S,, close to one, the global pressure is closer to
the wetting phase pressure than to the nonwetting one. However, for small S, the

difference P — P, can be arbitrary large.

3. From the preceding conclusions it is visible that approximation errors are larger when
the two fluids are equally compressible, and capillary pressure is large. There is also
an influence of the pressure P that affects differently P, — P and P — P,: when P

increases difference P, — P decreases and P — P,, increases.

For comparison of the coefficients, assume a set of data with incompressible wetting
phase (water) and the ideal gas law p,(P) = ¢, P for the nonwetting phase (hydrogen) and
a set of van Genuchten’s saturation-functions defined by (2.12 )-(2.13).

The choice of incompressible wetting phase makes the approximation of coefficients
independent of difference P — P,,. The error introduced by replacing P, with P in density
calculation depends now only on the characteristic capillary pressure P and the global

pressure P.

The fluid characteristics are given in Table 3.1, where n and Pr are van Genuchten’s

parameters.
Huw /ng Pw ) Cg n Pr
Pa s Pas | kg/m?® | kg/(m*MPa) | - | MPa
0.86-1072 | 9-107° | 996.5 0.808 2 2

Table 3.1: Fluid properties

Water and gas residual saturation are assumed equal to zero.

In figure 3.1 P, = P,(u, P) and P, = P,(u, P) — u for a two fixed global pressures,
P = 0.5 and 5 MPa. These figures show the global pressure is closer to the nonwetting
phase pressure P, for small to intermediate capillary pressure values. The difference P— P,
grows unboundedly when capillary pressure augments. The difference P, — P tends to a

constant when the capillary pressure grows.
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Figure 3.2: Comparison of the coefficients in the new and the simplified global pressure
models at the global pressure of 0.1 MPa. The coefficients are presented as functions of
the wetting phase saturation with fixed global pressure.

In figures 3.2 and 3.3 the coefficients in new and simplified models are compared: b,
and b, (= b_g in the figure), a and a”, A and A" (= tot mob in the figure), f, and fy
(= f_w on the figure), and functions w (= omega in the figure) given by formulae (3.22)
and (3.45). The comparisons are given at the global pressure of P = 0.1 MPa in figure 3.2
and at P =5 MPa in Figure 3.3. All functions are presented as functions of wetting fluid
saturation, while the global pressure is a parameter.

These figures confirm that the difference in the coefficients diminishes when the global
pressure augments, which is a consequence of the fact that p,, is constant and the approx-
imation error depends only on P, — P. Analogously, it could be demonstrated that the

difference in the coefficients diminishes when the capillary pressure diminishes.

3.5 Treatment of Multiple Rock Types in the Global

Pressure Formulation

In this section the conditions at the interface, in the case of fully equivalent global pressure

model will be formulated. For the wetting phase variable in the situations where P/ <
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Figure 3.3: Comparison of the coefficients in the new and the simplified models at the
global pressure of 5 MPa. The coefficients are presented as functions of the wetting phase
saturation with fixed global pressure.

P one observes the following:

1 for S™ > §*

(P2~ (Pr(SmY)) for P < Sh.

m2 __
St =

For the global pressure, the interface condition is derived from the transmission condition
of one phase pressure. Given that porous media is denoted by Q = Q™! U Q™2. Similar

to [17], where incompressible case was considered, one can have two different cases:

(C.1) ™ > §* Sm2 — 1; in this situation, the nonwetting pressure is not defined in the
domain Q™% and P, is continuous at the interface. Thus, one may use the derived
representation for the wetting phase pressure (3.13). From P™!(1, P) = P and from

the continuity of the wetting phase pressure the following condition is obtained

Al (s)

sm2
PRSP = P [ s Py P
1

ds, (3.52)

In this case transmission condition between two limiting values of the global pressure
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is described by the nonlinear equation (3.52). In fact, the following applies:
pm? = pmi(gmt pmly, (3.53)

From given P™ and S™! the P™? can be calculated by (3.52)). In reverse, for given
Pm™% and S™ one may calculate P™ by solving the nonlinear equation (3.53), for
which the solution is defined since the derivative of the wetting phase pressure over

global pressure is strictly positive.

Sml < §x pmi(Sml)y = pm2(Sm2): here the phase pressures are continuous across
the interface, and in the same way like described in [17] one can use the continuity

of the nonwetting phase pressure to obtain
ml ml mly m2 m2 m2
PSSy P™) = PS8, P™). (3.54)

In this case, when S™! and S™2 are given, one obtains P™? from any given P™! by

solving the nonlinear equation
ml __ m2 m2 m2
P = PM(S)5, P™), (3.55)

whose solution is well defined since the partial derivative of the nonwetting pressure
over global pressure is strictly positive. Also, for any given P™? one may calculate

P™ from the nonlinear equation

ml ml mly m2
Pg (S, P )—Pg .

Remark 3.5. Note that in the case of the van Genuchten functions the case (C.2) always
applies.

Remark 3.6. In the situation when the interface separates multiple rock types, the condi-

tions described above are assumed for each pair of materials containing the same interface

Remark 3.7. The same transmission conditions can be applied in the case of simplified

model, in the range of its validity.
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3.6 Conclusion

A new immiscible compressible two-phase flow model (3.23)-(3.25) is developed. The
model is based on the global pressure concept which is fully equivalent to the original
phase equation formulation (2.20), (2.21). This model is compared to the simplified frac-
tional flow model presented in section 3.3. A comparison of the coefficients in the two
models reveals that simplification based on replacing the phase pressures by the global
pressure in calculations of mass densities can safely be used in applications when mean
field pressure is high, capillary pressure is relatively small and if the wetting phase is not
strongly compressible. This is the case in oil-gas systems. In hydro-geological applica-
tions, where capillary pressures may be elevated with respect to mean field pressure, this
approximation can introduce unacceptably large errors, especially in predicting total mass
of the nonwetting phase. These conclusions are confirmed by numerical simulation in the

following chapter.
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Chapter 4
Numerical Simulations

This chapter is devoted to the numerical simulations of the fully equivalent global pressure
model. At first the numerical scheme is presented. Special attention is paid to the treat-
ment of the heterogeneities and association of the numerical scheme and the transmission
conditions. Furthermore, three monodimensional test cases are presented [52].

The first test case is related to the flow of gas and water in heterogeneous porous
media with no discontinuities of the capillary pressure at the initial time. The second test
case is the benchmark BO-BG, French acronym of Engineered Barrier Geological Barrier,
which was proposed by the French research group MoMaS (http://www.gdrmomas.org/) to
advance numerical methods used in the simulations concerning the gas migration through
engineered and geological barriers for the deep repository of radioactive waste. In this test
the initial capillary pressure is taken to be discontinuous. The third test case presents the
situations that include the capillary pressure curves with nonzero entry pressure. During
this chapter, most of the time the subscript w referring to the wetting phase saturation is

omitted, and only S is used.

4.1 A Finite Volume Scheme

In this section, a vertex-centered finite volume method applied to the system of equations

(3.23)-(3.25) for the one-dimensional case is presented.
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4.1.1 Basic Notation

The equations (3.24)-(3.25) are solved on a finite time interval J = |0, T, and in a finite

spatial domain I = ]a,b[. In order to present the discretization, the following notation is

applied, similar to the one presented in [1,2,5]:

(N.1)

(N.2)

(N.6)

(N.7)

Let {t° <t' <...<tN7} be the discretization of the time domain and by Jj, =
[t* t*T1] denote the k-level time interval. The time step is: AtF = thtl — ¢k | =

0,1,...,Np— 1.

Let {xg < 21 < ... < xp,} be the discretization of the spatial domain where:

(3

|Ei+%|:xi+1—mi,i:O,l,...,Nx—l.

E-+% = [xi,xi1], i = 0,1,..., N, — 1, as shown in the figure 4.1 and set Ax; =

Control volumes are defined as follows: for each ¢ € 0,1,..., N, — 1 denote the
center of the element E; 1 by x;,1 := 2l and set w1 =woand zy 1 =T,
For i = 0,...,N,, the control volume is defined as V; = [z,_1,2;,1]. By setting
2 2
hi =|Vi| =21 —x,_1, i=0,1,2...,N,, one obtains hy = %, hyn, = %
2 2

Az Az -
andhi—%,Z—O,l,...,Nz—l.

Let {¢j,j =0,..., N} (¢j(xj) = 1) be the set of P, base functions. The approxima-

tions

S(a,t) = Si()g;(x), Pla,t) =) Pi(t)e;(x)

J=0 Jj=0

are required. The approximations of S(x;,t,) and P(x;,1), are denoted by S¥ and
Pk

For the porosity, ® € L>(I) one sets: ¢; = 7 [, ®(z) dx.

The permeability is scalar function of the space and it is assumed to be constant on

the element: K 1 = K}E )
it3

A special care has to be taken when spatial mesh creation is performed in the situations

with multiple rock types. As explained in the previous chapters, in each rock type the

rock properties differ. Relative permeability and the capillary pressure functions may be

different for each rock type as well.



4.1. A FINITE VOLUME SCHEME 45

If the spatial domain in one dimension is divided into NV,, parts, and each part of the
domain is related to a certain rock type, there are N, — 1 interfaces. Every interface point
is set to be an element of the spatial mesh {zq < z; < ... < zn,}. The other nodes of the
spatial mesh can be chosen arbitrarily.

For the sake of simplicity and without loss of generality, the numerical scheme will be
presented for the situation of the two rock types. A higher number of materials does not
influence the presentation of the treatment of heterogeneity employed in this thesis. In
the case with higher dimensions, the situation complicates further. In the following, it is
assumed that the spatial domain is divided into two parts, one related to the material m1

and the other related to the material m2, as is presented in the figure 4.1.

s |s”
ml P |p" m2
Xi-1/2 Xi+1 /2
—t—1— I I\ k '/I —
Xo X1 X2 Xi-1 X X XN

i+1/2

Figure 4.1: Spatial mesh in one-dimensional case

Let I,,1 U I, = I and the interface node is set to be {xs} = L1 N I, for an index
b€ {0,1,...,N,}

The superscript 7 in the definition of the coefficients (3.16)-(3.20) is omitted to further
simplify notation. Also the subscript ¢ used previously in the notation of the total flux, is
omitted. For the same reason the following functions are introduced (either m = ml or

m = m2):
M™ := M™(S, P) := pu (P, (5, P))S + pg(Fy" (S, P))(1 = 5)
N™:= N(S,p) = pu(Py'(S,p))S.
X"(S, P) := A"(S, P)w™(S, P)

(S, P) := —a(S, P), so that a(S, P) = (S, P)P.(S).
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The equations (3.23)-(3.25) (with neglected gravity term) rewritten in one-dimensional

case are:

@% (M™(S, P))) — % <Xm(s, P)K%) —Fo+F, (41
Q™M =—x"(S, P)Kg—]; (4.2)
OSSP+ o @2 - 5 (e PETEE ) —

At initial time, either the global pressure, the saturation or the phase pressures are
given. A set of boundary conditions of diverse types can be given.

As already mentioned, in the chapter 3, the saturation and the global pressure are
generally discontinuous at the interface point. Therefore, it is worthwhile to explain the

meaning and use of the global unknowns S} and PF, at the interface node ;.

4.1.2 Interface Conditions

The values S¥ and P} are solutions of the nonlinear problem for each time step. These are
considered to be the representative values of the true limit values defined by the elements.
The index k is omitted below to simplify the notation.

There are several ways of defining these global unknowns. At first consider the sat-
uration variable and recall that at the interface point the following equality has to be
satisfied:

PS5 = PS5, (4.4)

if one assumes that P™!(1) = P™%(1) = 0, otherwise extended capillary pressure condition
needs to be satisfied. Here P™ (P?) is the capillary pressure defined for the material m1
( material m2), and S§"(S§"?) are respective limiting saturations. When the wetting phase
saturation is the primary unknown of the system, in the computation by the elements
the true limit values of the saturation need to be used. This also guarantees that during
calculation one actually always works with the correct capillary pressure at the interface
node xs.

The unknown value Ss at the interface node x5 can be chosen in several ways. For

instance, it can be taken as S; = f(S§'!, S7"?), where f an invertible function in every
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variable. The simplest approach, however, is to choose S5 = Sy or S5 = Si"2.

The situation with the global pressure is similar. The global pressure will generally be
discontinuous at the interface point. The choice of Ps can be done in several ways, and the
simplest approach is to choose P; = Pi™ or Ps = P{™?, and then use the continuity of the
nonwetting phase pressure:

PSP, P = P (SyR, By?) (45)
at the interface, in order to obtain the other limiting value, depending on which part of
the domain the calculation is done.

This is applicable if the nonwetting phase is mobile at the interface, otherwise one needs

to use the continuity of the wetting phase pressure.

Remark 4.1. In the simulations where the entry pressure is present (e.g. Brooks and
Corey capillary pressure), the choice of the unknown Ss is more restrictive. It has to be
taken equal to the limiting saturation of the material which is related to the smaller “entry
pressure” [17,56]. If this is the region I, the extended capillary pressure condition (2.50)

to calculate the saturation S is used.

4.1.3 Numerical Scheme Presentation

For any function f(S, P) we define:
mk _ rmy/ ok &
fi—&-% _f (SH—%’PH-%)

The following notation is used:
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At first, the system (4.1)-(4.3) is integrated over the set V; x Jj to obtain:

/@(Mm(Sk“,P’““)—Mm(Sk,P’“)))da:—/ > @i K (a—P) dt
V; Ji . @JI i+

41 i+J
J—i§

= Vi (Fui + Fg)

/@(Nm(sk+1,Pk+1)—Nm(S’“,P’“))) dH/ D @RQE LI dt
v, Ji .

j=t3
. oP™ (S
:/ > @i Ky (6—()> dt
eyl T S
+ |‘/7,|fw,z

Now, various approximations can be used:

opr P B orr(S) _ P (Si) — P(S)
8x i+% a A,I'l ’ 5’x i+l a A.I‘l .

On the left side of the equations the mass lumping is applied. The following equations

are obtained:

®;h; T = R (4.7)

The following notation is introduced:

K;
Tiirjs = A*;@, i=01,2...,N, — 1.

Fori=1,2,..., N, — 1, the right hand side of the (4.6) is

RETY = X T (PESS — P + Vil (Fyi + Fu)- (4.8)

j=*3
The total velocity for j = i% is

m,k+1 mk+1m k+1 k+1
Qi+j = ~Xitj Tz+J<P¢+2j_Pi )
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where m = ml or m = m2.
Fori=1,2,...N, —1

RES = Al Ty (P (SES,) — P(SE) (4.9)
j=+3

= NI (FE Y 4 Vil (Fua), (4.10)
j=%3

2

where, if the type of problem requires, the following upwind procedure is applied:

m( Qk+1 k+1 k41
fmukarl f (S 7P‘ ) for QH_%ZO

w,i+ k+1 pk+1 k+1
: L (SERL PR for QFF <0

Otherwise, the standard expression for Rk+1 is used:

RES = > AT (P (SES)) — PI(SET) (4.11)
j=+3

= QU+ Vil(Fu)- (4.12)
_il

The terms R@J{)l, RGY, R’;Jj\,lm R’I“Jrl depend on the imposed boundary conditions.

Notes on the Discretization of Boundary Conditions

For simplicity it is assumed F,, = 0 F, = 0. If setting the total flux @) = Q;,, and flux of
wetting phase ), = Qyin On the left boundary, one obtains:

Rygt =7 T (P - PR + Qi

RS = o7y (PR(STT) = PR(SE™) = Q7 ()1 4 Quin
If setting the total flux @ = Qout, and Q. = Qu our On the right boundary, one obtains:

E+1 m2 k+1 k+1 k+1
RILNQ: _XN TN —7(P PNx—l) - Qout
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REN, = =70 T,y (PP (SKEY) = PUSNELD) + QR (Fu) 07 = Quoows
Remark 4.2. If fluzes are set to be zero at the boundary (Q = 0,Q, = 0) the expressions
(4.8) and (4.10) can also be used for i =0 and for i = N, if:

Pfl :Péf Qli% :Qlfvﬁé =0

Pcml(Sﬁl) - Pgnl(sg) P?2<Szli/z+1) - P:ﬁ(sjli/z)'

For Dirichlet boundary conditions S = .S;, and P = P;, on the left part of the boundary

one obtains:
k+1 m,k+1 m,k __
Rpo =P—-PF,, M, — M =0.

k+1 _ Qk+1 m,k+1 m,k __

Similar expressions, are obtained for setting Dirichlet boundary conditions on the right
part of the boundary.

Commonly, Neumann boundary condition for the saturation is used. A case when at
as‘

the right boundary it is taken 52| _ .= 0 is discussed in the following.

Note that for xy, one obtains

m2,k+1 m2.,k
My — My B
At

2k+1
Pn, Iy, —Qut" I-CH ne I, - (Pk+1 Py,

out z

n+1,

which provides a way to calculate Q},; :

m2,n+1 N - - m2,k+1
Q = =Py, hy, X, n, 1

At ek (PkH Pll\gf:il)

m\»—‘

One can set an upwind value at the node zy, as follows:

SEEL SR (PR 14 Pout) k1
a1 ) (= 5 ) for Qg >

fw,out
FOSEEY, Pout) for Q" <0

out

and in that case equation (4.10) for Rk“x can be used.
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Nonlinear Equations

Notice that at each time step a nonlinear problem is obtained. This type of problem
may be solved by the Picard iterations or by the Newton method. In order to use the
Newton method, one needs to know how to form a residual and a Jacobian at the previous
iteration. While those calculations are done, special attention needs to be paid to the
interface node. Considering that all the calculations are performed locally at the element
E it is worthwhile to have an insight into the local calculations. A brief explanation is

given in the following subsection.

4.1.4 Local Calculations

All the functions used in the discretization belong to the material where the current element
is positioned. Therefore, material index will be omitted in this section. Considering that
the time index is constant in the scope of this discussion, it is omitted as well. The local
calculations are presented for the situation when phase fluxes are set to be zero at the

boundary. For the simplicity, it is assumed that P.(1) = 0.

Local Residuals

Denote the local element by E = [zg,x1]. The global unknowns are: Py, P, Sy, Si. In
general, assume that local values S;,S; depend on the values Sy and S; respectively.
Assume, as well, that P;" depends on Sy and Py, and P, depends on P, and S;.

In the local calculation, the local values Sy, Py, Sy, P, will be used. As discussed in
the previous section, if calculations are performed at the interface node, one needs to know
the limit values of saturation and global pressure. These are obtained from the global

unknown value from the previous iteration. Consider the simplest example:

e If the global unknown at the node z; is set to be equal to the left limiting saturation,
then S| = 5 is always valid. However, at the point z, the calculations have to be

performed more carefully. the following is set:

SO if To 7£ xTs

S+ _
= .
(Pm2)=1(P™1(Sy)) for mo = x5

e If the global unknown at the node x4 is set to be equal to the left limiting pressure,

then P; = P, and at x calculation have to be performed more carefully. Assuming
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Sy is already calculated, the following is set:

P() if i 7é Ts

P = :
solution of P;*(So, Py) = P"(Sy, Py) if wo = s

The permeability K is constant on the element. One sets:

P :PO++P1_

Si+ Sy K
L= :%, dr =21 —x9, T =—

S dx’

D=

and now follows:

Rpo= xSy, P)T(Py — FY)
Ry1 = —X(Sy, P)T(P; — Fy).

Also, the following equalities are obtained:

Rgo = 7(S1, POT(F(Sy) = Pe(57)) — Qufuf
Ry = =y(S1,p)T(F(S7) = Pu(S7)) + Q1 fuf

where

(NI
N
2

I
-3

=
=
O
AN

o

Local Jacobian

To form the Jacobian, one needs to know the derivatives

ds¥ . ds; . . opF oPF oP; oP;
dS() (50)7 dSl (Sl)a 880 (SO7 P0)7 a_H)(SCI?PO)? 6_&(817 Pl)a a_Pl(ShPl)'

If x¢ is not the interface node these values are calculated as usual. The following applies:

dSy
SJZSO, d_S(z):L P(;L:POv

OB

ory _, o _
05y

OPy

1.

The same situation is when x; is not the interface node.
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Remark 4.3. To further simplify the notation, the function arguments will be omitted. By
setting the global unknown at the interface equal to the left limiting saturation (pressure),
one obtains: 8- op- op-
1 - 1 1
= 1’ P = P s — 0, - 1
95, Lo, OP,

From the transmission conditions (4.4) and (4.5) one obtains the following:

Sy =51,

. — del(SO) dPCmQ(SwL) .
95 < <5 / - for xg = xs
apgr 0 Zf Zo 7& s
95, = ap;@;;so,a)) _BP;”QE)?,PJ) % ;
0 —
— or To = Xs
wm2(S§,P)
OP 1 if T # xs
0Py | w50 _
oa(ss Ry 10T 0 = T

Note that when the unknowns at the interface node are selected differently, the above deriva-

tives have to be calculated accordingly.

It follows:
DoRp — Op,Rpo Op,Rpp | ™ B
Op,Rp1 Op Rpa —ar —f
where
1 or; n OB,
1 = 50nX(S5. Py) G- (Pr = BY) = x(Sy. PS8
1 or; . oP[
b = §aPX<S%aP%) OP, (P — 5 )+X(S%7P%) P,
One obtains
DsR, — Os,Rpoy Os,Rpy _p| e Bo
8SORP,1 asl RRI —ag —[
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where
1 ISy OPy
o =— |0 Sl,Pl 0 +0 Sf, 1 0) P — Pf Si. P
=5 (055, PO T + apx(8,.m) G0 ) (P = B = (53,
1 05y oP[
= — | sx(S1, P1 L 4 0px(S1, P1 1) P —P+ + 51 P1
= 5 (0sx(sy PG +0m (1, PG ) (7 = )+ x(5y, 7))

Total velocity derivatives are

00, .0y . 99 0,
g5, ~ 192 g5, — TP gp =T gp =T

Upwind flux derivatives are

oy g _ ) DstulSH, P )9 + 0p ful(ST P )2 for Q1 2 0
SoJw T
0 for Q% <0

8p0f$p _ aP.fw(‘Sg_a P+) 8P0 for Q% >0
0 for Q% <0

ds. [P for Q1 >0
S1Jw T ?
Os fu( ST, PD) 5o+ Op F(ST, P7) 5 for Q1 < 0

Op. fP for Q1 >0
P Jw — ? .
af(Sl,P)aP for @1 <0

Convective flux derivatives are

d Q1 ofup

e Q) = ek g+ QT — —Tay i 4 max(Qy. 005,12
up an up 8fl1jp up : up

asl (Q f ) 881 +Q1 851 - _Tﬁ2fw +mln<@%70)851fw
up Qz up a up up

ap()(Q ViF) = g S+ Qugp = ~Tonfy? + max(Q;,0)0m,f;

) Q1 ofur

G (QUA) =GR F @y P = ~TBfP + min(Qy,0)0p, i
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95

The residual is decomposed as follows:

Rso = R%) + RY,  Rsy = Re] + Ry

where

D) R = —Qufw

Y

REL = (81, POT(Pu(ST) — Pu(S)
RY{ = —y(Sy, POT(PST) = Pu(S)).  RET = Qu i,

so it follows

ds,Rso 05, R .
DgRg = | 0750 "5S00 DRSS 4 DgRY"
Os,Rs1 0Os,Rs
dpRso Op R :
D,Rg = | 0750 TR0 pL RS 4 DpRY™
Op,Rs1 Op Rs

Using the notation 71 = ’y(S%, P%) and (?p’y% = ap'y(S%, P%) one obtains:

0s,REY 05, RE} _plas P
—Qs3 —53 ’

dif dif
650 RSfl 851 RSl,l

DsRY! =

where

1 oS5 1 or; - N sy OS5
0= (503 o + 50 S8 ) (PST) = RS — 2y S Gt
1. 89S 1. apr . N N
b= (5063 G + 500 G ) (RST) = PUSE) + 93 PUSH G-
It follows:
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where

For the convective part of the Jacobian is valid:

_ [—%(%fi”) ~0p, (Q1 f)

06,(Qy 1) —8sl<@;f5p>], DeBS™ = | 00y op (00 )
Py % w Py % w

D Rcon:
o 95, (Q1fuf) 05, (Q1fiF)

Mass Residual and Jacobian

In calculations by elements one has to calculate

My = pu(Sy, Py ) Sy + pg(Sy s Py )(1 = S7)
NO = pw(S(J)rvPOJr)S(J)r7

My = pu (ST, Pr)ST + pg(Sr, Pr)(1 = 57)
Ny = pu(Sy, Pr)ST-

To form the Jacobian, one requires derivatives of the functions M and N

6P0 aPO

OM (ST, Py) oP;

apl a M(Sl 7P )apl
OM(SE, P) . . 087 . OB
8—5,0 8SM(SO7P )aSO+aM(SO7P )850
oSy oP[

OM(S, P) _ = OgM (ST, P[ )= +8M(81,P)85.
1

05, 0S5,

For the function N, the calculation is analogous.



4.2. NUMERICAL SIMULATIONS o7

4.2 Numerical Simulations

In the following subsections three test cases are presented. These test cases [52] are de-
veloped within MoMaS, a federation of French research groups. Test case 3 is slightly
modified in order to present the effect of the entry pressure. In all test cases the flow of

incompressible water and compressible gas is observed.

4.2.1 Test Case 1

In the first test case, the results obtained for the fully equivalent and the simplified frac-
tional flow formulation are presented and discussed. The porous domain / = ]0,200] C R
is taken to be 200 m long. The domain is assumed to be composed of two materials such
that I = I,,; U L0 where is I,,,; = ]0,20] and I,,2 = |20, 200][, so that the point x = 20 is
an interface between the two materials. In this test, the source terms are equal to zero,
which means that F, = 0, @ = w, ¢g. The duration of the simulation is 7' = 10° years.

The boundary conditions are set to be Dirichlet at the right boundary point:
P, .out = 1.0 MPa P, out = 1.5 MPa.
Phase fluxes conditions are set on the left boundary:
Qu=0 and Q,=5.57-10"°% kg/m?/years.

The initial conditions are equal to Dirichlet conditions on the right part of the boundary.

Therefore, the following is set:
P,i—o = 1.0 MPa P,i—o = 1.5 MPa.

In this test case the van Genuchten capillary pressure and the van Genuchten Mualem
relative permeabilities (2.12)-(2.13) are used. It is assumed that K = cte in each subset
of the domain. The same is valid for the porosity. The parameters for the relative perme-
abilities and capillary pressures are different on each subdomain. Temperature is taken to
be fixed, T" = 303 K. The parameters for each subdomain are presented in the table 4.1.
The following fluid properties are considered: j,, = 1 ¢P, u, = 0.009 cP, p,, = 1000 kg/m?,
¢y = 0.794 kg/m*MPa. The gas density is modeled by the ideal gas law.

In this simulation, an equidistant grid of the space domain with Az = 200 c¢m is used.
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Table 4.1: Test 1.

1.000 Water sz?turatlgn
0.9951 1
0.990r 1
0.9851 1
uy 0.980F — t=0 years new 1
- = t=0 years simpl
0.975¢ — t=100 years new 3
- = t=100 years simpl
0.970r —  t=500 years new |]
t =500 years simpl
0.9651 —  ¢=1000 years new |q
- = t=1000 years simpl
0.960 . . . . . n n n n
0 20 40 60 80 100 120 140 160 180 200
x[m]
Figure 4.2:
Capillary pressure
0.501 T T T ‘p y\ P T T T T
N
05005
L\ - =
Al - “
0.499- ' sl 1
[} .
z “
1
E 0.498r “ ./ | — t=0 years new
ay \ // - = t=0 years simpl
Y
0.497} \‘ "' —  t=100 years n.ew |
' , - = t=100 years simpl
“ S —  t=500 years new
0.496} “ '/' =500 years simpl ||
AP — t=1000 years new
- = t=1000 years simpl
0.495 . . . . . n n n n
0 20 40 60 80 100 120 140 160 180 200
x[m]

58
n Pe Swr Sgr ¢ K
- | MPa | - - - m?
I,1 | 1.54 2 0.01 1001 0.3 1018
Lo | 1.49 15 0.4 10.0]0.15|5-10"2

Function parameters and rock properties

1.00 ‘ Water saturation
0.98
0.96
0.94
0.92F =~ ~
of
0.90
—  t=10" years new
0.88 - - t=10" years simpl {
0.86 —  t=10° years new
: -~ t=10° years simpl l
0.84 —  t=10° years new
t=10° years simpl
0.82 . . . . h n n n
0 20 40 60 80 100 120 140 160 180 200
x[m]

Test 1. Water saturation at different times

Capillary pressure

1.8, T T T T T
— t=10 years New
1.6/ - - t=10" years simpl ||
—  t=10 years new
1.4} - = t=10" years simpl | |
—  t=10° years new
t=10° years simpl
= 1.2 d Ll
S
? 1.0
o8f T TTTreeeall
0.61 I8
0.4 . . . . . . . .
0 20 40 60 80 100 120 140 160 180 200
X[m]

Figure 4.3: Test 1. Capillary pressure at different times

For the time domain, a non-equidistant mesh is used, starting with At = 10 years at
the beginning to At = 250 years at the end of the simulation. The obtained results are
presented in the figures 4.2-4.7 for the fully equivalent fractional flow formulation, for which

the term “new” is used, and for simplified fractional flow formulation for which the term
“simpl” is used.



Global pressure Global pressure
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Figure 4.4: Test 1. Global pressure at different times
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Figure 4.5: Test 1. Gas pressure at different times

One can observe that first 1000 years, due to the small amount of gas (hydrogen)
injected, the changes in the saturation are very small. Also, the changes in the water
pressure presented in the figure 4.6 are not significant at the first 1000 years. The water
pressure is increasing at the beginning and as one may observe in the figure 4.7, around
the time of 5 - 10* years it starts to decrease. At the end of the simulation, it tends to
its initial value 1.0 MPa. During the whole simulation the gas pressure (presented in the
figure 4.5) is increasing attaining the values in the range of 1.5 MPa to 2.3 MPa for the
new model, and the values of 1.5 MPa to 2.65 MPa for the simplified model. The global
pressure is presented in the figure 4.4, and its behavior is similar to the water pressure,

since as commented in chapter 3, the difference between the water and global pressure is
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Figure 4.6: Test 1. Water pressure at different times
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Figure 4.7: Test 1. Phase pressures and saturation on the left end

very small for relatively small capillary pressures, and because of the high value of the

wetting phase density compared to the gas density. From the formula (3.50) one can also

observe that if p,, > p, the global pressure would be in general closer to the wetting phase

pressure. The continuity condition for the gas pressure is used in this example, and also

for the capillary pressure. They are assumed to be continuous at the interface point. This

produces a discontinuity of the saturation and the global pressure at the interface.

One can see that the difference in the gas pressure in the simplified model and the new

model in this test case, is more visible at the end of the simulation. The reason for this

is, that at the beginning of the simulation the effective saturation is nearly equal to 1, and

the capillary pressure is low, compared to the one at the end of the simulation. The global
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pressure does not have significant variations, it stays during the whole simulation in the
range of 1.0 MPa to 1.40 MPa in the case of the new model, and in the simplified model
it attains values between 1.0 MPa and 1.55 MPa. The difference in the global pressure
in the simplified and the new model is significant in the period from 10* years to 6 - 10°
years. The water pressure behaves similarly. From these observations, one can see that the
difference in the phase pressures obtained by the simplified and by the new model may be

significant.

4.2.2 Test Case 2

The second test case is a BO-BG test case [52]. This test was numerically solved by other
authors [5,14]. The porous domain / = |—0.5,0.5] C R is taken to be 1 m long. The
porous domain is assumed to be composed of two materials such that I = I,,; U [,,,, where
is I,,1 = |—0.5,0] and I, = ]0,0.5], so that the point = 0 is interface between the two
materials. In this test the source terms are equal to zero, which means F, =0, a = w, g.

Phase fluxes are set to be zero at the boundary points, both on the left and the right

end for each phase, which means that a total flux is also set to be zero.

Quw=0Q,=0 kg/mz/s.

Initially, the capillary pressure is discontinuous, and the following initial condition for the

water saturation is given

0.77 for x <0.0
Sw(z,0) = , xel
1 for z > 0.0

Regarding to the initial conditions for the gas pressure two cases are considered:
Test case 2.1
Py(z,0) =0.1 MPa, = € I.

From these initial conditions one obtains initial condition for the global pressure
P = —88.8449 MPa in I,,;, and P = 0.0 MPa in I,,5.
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Test case 2.2

0.1 MPa for z <0.0
Py(x,0) = , xe 1.
0.0 MPa forz > 0.0

From these initial conditions one obtains initial condition for the global pressure
P = —88.8449 MPa in I,,;, and P = 0.1 MPa in [,,,.
In this test case the van Genuchten capillary pressure is used. Relative permeabilities

are given by the following formulae:

kry(S) = (1—8)%(1—83) kry(S) = (1+A(S % —1)%)~P

s =1+ (5)7)

It is assumed that K = cte in each subset of the domain. The same is valid for the
porosity. The parameters for the relative permeabilities and capillary pressures are different
on each subdomain. The parameters for each subdomain are presented in the table 4.2.
Temperature is taken to be fixed, T"= 300 K.

1000 : ; ‘ :
800 |
600 |
400 pé S) 1
200 pLI ®) 1

02 04 06 08

0
0 1

MPa

Water saturation

Figure 4.8: Test 2. Capillary pressures in the different domains

The following fluid properties are taken p,, = 1000 kg/m?® p1,, = 1 ¢P, py, = 0.009 P,
pw = 1000 kg/m?, M, = 0.02896 kgmol~*. In numerical results presented here in the test
case 2.1, the density of gas is scaled so it is actually taken that ¢, = 1.0 kg/m*MPa. In the
spatial domain, an equidistant mesh is taken with the step size Az = 0.01 m. The obtained
results are presented in the figures 4.9-4.13.

As shown at the figures the results for the test case 2.1 and 2.2 differ visibly only in
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Figure 4.9: Test 2. Water saturation at different times for the test case 2.1 (left) and test
case 2.2 (right)

Pr m A B C D ) K
MPa | - - - - - - m?
I,y | 1.5 ] 0.06 {0.25]16.67 | 1.88 | 0.5 | 0.3 | 107
Io| 10 [0412| 1.0 |[2.429 | 1.176 | 1.0 | 0.05 | 1071?

Table 4.2: Test 2. Function parameters and rock properties

the gas pressures obtained at first 10° s. The right part of the domain is initially fully
saturated by the water. At first, the changes of saturation are very small, the water starts
to flow from the domain I,,5 to the domain I,,;. After a certain time a change in the
saturation in the region I,,, becomes more visible, when the gas starts to flow to the right
part of the domain. The gas pressure is increasing near the interface, since the gas is
expected to enter the domain fully saturated by the water. At the time of 10° s in the test
case 2.1 the gas pressure becomes zero on the subdomain 7,5, while in the test case 2.2 it
obtains the values close to the initial value. After the time of 10°s in both cases the gas
pressure starts to decrease from its maximum value near interface in the region I,,;, an
behaves similarly in both of the cases. In both cases, at the later times the water pressure
attains value of around —20.0 MPa and the difference between the global pressure and the
water pressure is small compared to its difference from the gas pressure. This observation
is valid during the whole simulation. This follows from the fact that when one calculates
the difference by the formula (3.50), the small value compared to the range of pressures is
obtained. From the continuity condition of the capillary pressure one obtains discontinuous

saturation. The initial discontinuity of the capillary pressure is treated as follows: the left
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Figure 4.10: Test 2. Global pressure at different times for the test case 2.1 (left) and test
case 2.2 (right)
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Figure 4.11: Test 2. Gas pressure at different times for the test case 2.1 (left) and test case
2.2 (right)

limiting saturation is taken to be global unknown in the simulation, so when calculation is
performed on the interface element in domain 1,5, the left limiting value of the capillary
pressure is used. In the both cases, the wetting saturation attains the values S, = 0.844
on the left part of the domain, and S,, = 0.548 on the right part of the domain by the end
of the simulation. In both cases after the time of 10% s, the changes in saturation are not
significant, while the gas pressure tends to the value of 0.1 MPa which is the initial value
that was set in the case 2.1. The time steps used during the simulation are from 107" s at

the beginning to the 2 - 10° s at the end of the simulation.
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Figure 4.12: Test 2. Water pressure at different times for the test case 2.1 (left) and test
case 2.2 (right)
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Figure 4.13: Test 2. Capillary pressure at different times for the test case 2.1 (left) and
test case 2.2 (right)

4.2.3 Test Case 3

The third test case is considered in order to simulate the effect of the entry pressure. The
porous domain / = |0,200] C R is taken to be 200 m long. The domain is assumed
to be composed of the two materials such that I = I,,; U I,,5 where I,,; = ]0,100] and
Ine = 1100, 200], so that the point = 100 is the interface between the two materials. In
this test, the source terms are equal to zero, which means that 7, =0, a = w, g.

The boundary conditions are set to be Dirichlet on the right boundary point, and it is
set

Sw,out = 1.0 Py out = 1.0 MPa.
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On the left boundary, phase fluxes conditions (total flux) are set:
Qu,=0 and Q, =500 mg/m?/years.

The initial conditions are equal to Dirichlet conditions on the right part of the boundary.
Therefore,
Sw,t:O =1.0 Pw,t:O = 1.0 MPa.

It is assumed that the porous medium is fully saturated by the water, and that the gas is
injected. In this numerical test, Brooks and Corey capillary pressure and Brooks and Corey
Burdine relative permeabilities (2.14)-(2.15) are used. It is assumed that all parameters
are the same for each part of the domain: only the entry pressures differ. Temperature is
assumed to be fixed, T' = 303 K.

NT P (S (S0 6] K
- | MPa | - - - m?
I, 1050 19 [0.0]00/03]1071
I, 105 21 0.0 10.0]03|10°1

Table 4.3: Test 3. Function parameters and rock properties

The following fluid properties are considered: g, = 1 cP, pu, = 0.009 cP, p, =
1000 kg/m?*, ¢, = 0.794 kg/m*MPa. The density of gas is modeled by the ideal gas
law py(P,) = ¢,P,. In this example extended capillary pressure condition (2.50) is applied.
This means that the capillary pressure is discontinuous until the threshold saturation
S* =0.95119 at the interface is reached.

In this simulation, an equidistant mesh of the space domain with Az = 200 cm is used.
For the time domain, a non-equidistant, mesh is used, starting with At = 1072 s at the
beginning to At = 1 year at the end of the simulation. Also, since only the water is mobile
across the interface and consequently continuous, the continuity condition is applied to
the water pressure (and extended capillary pressure condition is used). Therefore, until
the threshold saturation is reached, the capillary pressure and the gas pressure would be
discontinuous at the interface point. The gas will not enter right part of the domain until
the threshold saturation is reached.

The obtained results are presented in the figures 4.14-4.18.

In the figure 4.14 the water saturation is presented. As the extended capillary pressure

condition is used, the saturation is equal to 1 in the subdomain 7,5, until the threshold

saturation is reached, which is about 7685 years. One can observe the visible changes in
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the saturation on the right part of the domain around 9000 years. During all the time
water and global pressure do not change significantly, since the water saturation is very
high. The global pressure has a visible discontinuity at the interface, during the time of
the simulation. The capillary pressure, and the gas pressure are discontinuous until the
threshold saturation is reached at the interface. The capillary pressure is increasing, which
also has an effect on the behavior on the gas pressure, since the changes of water pressure

are relatively small.

4.3 Conclusion

By comparing the simplified and fully equivalent formulation it has been shown by means
of the numerical simulation, that the difference between the solutions obtained in the new
and simplified model may be significant, especially in the area of higher capillary pressures.
The results obtained for the test case 2, are similar to those obtained in [5,14], and show
model applicability in the simulations with highly heterogeneous porous media. The third
example shows that the model is applicable in the simulations with initially fully saturated

porous media by the wetting phase, and demonstrates the significance of the entry pressure.
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Chapter 5

Existence Theory for the Two-phase
Immiscible, Compressible Flow
Model in Global Pressure

Formulation

The aim of this chapter is to establish existence of weak solutions for a new formulation for
immiscible, compressible, two-phase flows under realistic assumptions. The main difficul-
ties related to the mathematical analysis of such equations are the coupling, the degeneracy
of the diffusion term in the saturation equation and the degeneracy of the temporal term
in the global pressure equation. In the following section a short description of the math-
ematical and physical model used in this study is given. Afterwards the assumptions on
data are formulated. The existence is shown with the help of a regularized system, a time
discretization, a priori estimates and compactness arguments. This chapter contains re-
sults from [9] In section 5.2 the regularized problem is defined with a parameter n > 0,
some auxiliary results are established and the existence of weak solutions of the problem
in the non-degenerate case which will be proved in section 5.3 is formulated. The proof
will be done in three main steps. In subsection 5.3.1, a small parameter h > 0 is used
and approximate solutions are constructed with a time discretization. The existence of the
weak solutions for the corresponding system and a maximum principle for the saturation
is proved. In subsection 5.3.2, suitable test functions introduced in [44] are used to get
uniform estimates with respect to h. These estimates permit passing to the limit when

h tends to zero and obtaining the existence of weak solutions for the regularized problem
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which is carried out in subsection 5.3.3. Section 5.5 is devoted to the presentation of the

result for the degenerate case.

5.1 Main Results

Recall that the mass balance equations and the Darcy law for each phase a € {w, g} can

be written as

0

(I)a(pa(Pa)Sa) + div(pa(Pa)da) = Far  da = —Aa(Sa)K(V Py — pa(Pa)g), (5.1)

where ® and K are the porosity and the absolute permeability of the porous medium, and
g is the gravitational, downward-pointing, constant vector. The source terms F, will be
precised in the sequel.

Here, the governing equations are rewritten firstly by choosing the nonwetting satura-
tion S, and the global pressure P as primary unknowns. All the coefficients are considered
to be functions of S; and P, as written in remark 3.2. The superscript n used in the
same remark 3.2 is omitted for the simplicity of the notation from now on. The following

functions are introduced:
Au(Sy, P) = Aa(Sa)pa(Sy, P)w(Sy, P), o = w, g.

From the definitions of nonwetting, and wetting pressure (3.27) and (3.28), it follows that

the mass fluxes can be rewritten as

Pu(Pu)aw = —Ny(Sy, PYKVP + a(S,, PYKVS, + A\ (Sy)puw(S,, P)°Kg,
pe(P)ay = —Ny(Sy, PYKVP — a(S,, PYKVS, + A\, (S,)p,(S,, P)*Kg,

and consequently the differential equations of the two-phase, compressible, immiscible flow
(5.1) can now be written as (cf. [7,8]):

0 ) .
<I>§(pw(59, P)Sy) — div(A,(Sy, P)KVP) + div(a(S,, P)KVS,) (5:2)

+ div(Au (Sg) pu (S, P)’Kg) + Pu(Sg, P) fu(Sq, P)Fp = pu(Sq, P)S,Fr,
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o) . .
Cba(pg(Sg, P)S,) — div(Ay(Sy, P)YKVP) — div(a(S,, P)KVS,) (5:3)

+div(Ag(Sg)pg(Sgs P)’Ke) + pg(Sy, P) f4(Sgs P)Fp = py(S,, P)S Fr,

where S, = 1 — Sy, Fr, Fp > 0 are given injection and production rates and S is known
saturation determining the composition of the injected fluid. Note that the choice of S = 5,
as primary saturation variable is motivated by the fact that S, — F.(5,) is an increasing
function. A priori estimates that will be used in the sequel are based on the integrability
of the quadratic terms \,(S,)KV P, - VF,. In presence of unbounded capillary pressure
function P., the non-wetting phase saturation S, will be replaced by a new variable 6 (as
in [6]),

S
0=A(5) = [ MR ds (5.4)

which is well defined since 3 is strictly increasing. Finally, introducing the function

_ Aw(Sw)Ag(Sg)
A(Sy, P) = puw(Sg; P)pe(Sg, P) \(S,, P) (5.5)
the system (5.2), (5.3) can be rewritten as
@%(pw(Sg, P)S,) — div(A,(Sy, P)YKVP) + div(A(S,, P)KVE) (5:6)
+ div(Ay (Sg) puw (S, P)QKg) + pu(Sg, P) fu(Sg, P)Fp = pu(Sy, P) S, Fi,
2 (5,(8,, P)S,) — div(Ay(S,, PYKVP) — div(A(S,, PKVH) .

+ div(Ag(Sy)pg(S, P)’Kg) + py(Sy, P) fo(Sg, P)Fp = pg(Sg, P)SgFr,

where S, = §(f) and S, = 1 — 5, and the phase mass fluxes are:

Qu = pu(Py)dw = —Ay(Sy, PYKVP + A(S,, PYKVO + Ay (S,)pw(S,, P)°Kg,
Qg = py(Py)ag = —Ay(Sy, PYRV P — A(S,, P)KVEO + A, (Sy)py(Sg, P)QKg-

Boundary conditions: let Q@ C RY, d = 2,3, be a bounded, Lipschitz domain with
its boundary divided in two parts, 02 = I';,; U I';,,, where I';,; denotes the injection

boundary, and I';,, denotes the impervious one. Let |0, 7| be the time interval of interest
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and Qr = Q2x]0,T[. Setting

0=0, P=0 onDu,x]0,T] (5.8)
qQuw - n=9q, -n=0 onlY,,x|0,T], (5.9)

where n is the outward pointing unit normal on 02 and q, being the volumetric velocity
of the a-phase, a = w, g.

Initial conditions are given by
0(x,0) = bOy(x), P(x,0)=po(x) in (5.10)

The assumptions needed to prove an existence result for the coupled system (5.6), (5.7)
with boundary and initial conditions (5.8), (5.9) and (5.10) are:

(A.1) The porosity ® belongs to L*(£2), and there exist constants, ¢ > ¢, > 0, such
that 0 < ¢, < ®(x) < ¢pr ace. in .

(A.2) The permeability tensor K belongs to (L2°(2))™*?, and there exist constants ky, >
kn > 0, such that for almost all € © and all £ € R? it holds:

k€] < K(2)€ - € < k€.

(A.3) Relative mobilities satisfy A, A\, € C([0,1];RT), Ay, (S = 0) = 0 and A\, (S, = 0) = 0;
Aj is a non decreasing function of S;. Moreover, there exist constants Ay > A, > 0
such that for all S, € [0, 1]

0 < A < MlSy) + Ag(S,) < Aar.

(A.4) There exist constants pe i, > 0 and M > 0 such that the capillary pressure function
S, — P.(S,), P. € C([0,1[;R*T) N C*(]0, 1[; RT), for all S, €]0, 1] satisfy

[

P.(S,)(1—S,) + / Ps)ds+ A (S M (S,)P(S,) < M. (5.12)

P,(Sg) Z pc,min > 07 (511)
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(A.5) There exist S# €]0,1[, 0 <y and M > 0 such that for all S €]0, S#]
STIN(S)(Pe(S) = Po(0)) + S*PU(S) < M, (5.13)
and for all S € [S#, 1]

(1—S)*77P/(S) < M. (5.14)

(A.6) p, and p, are C*(R) non decreasing functions, and there exist p,,, pas > 0 such that
for all p € R it holds

Pm < (D), pg(P) < par, 0 <, (0), P, () < pur-

(A?) Fr Fp e L2(QT>> Fr. Fp > 0, and 0 < S:U <1la.e. in QT-

(A.8) There exist 0 < 7 < 1 and C' > 0 such that for all Sy, 55 € [0, 1]

S5 T
C/ Ao(8)Ap(s)ds| > |S;] — 9.
Sl\/g() (s) 51— Sa|

(A9) S:=1.

The assumptions (A.1)—(A.3) and (A.7)—(A.8) are classical for two-phase flow in porous
media. The assumptions (A.4) and (A.5) control the strength of singularities in the capillary
pressure and its derivative at the end points S = 0,1, and it will be commented further
on. The assumption (A.6) is satisfied by mass densities given by a physical law, such as
the ideal gas law, by correcting the density function for extremely small and large pressure
values. Such correction does not influence the system behavior in physically admissible

range of pressures, and therefore (A6) does not limit the applicability of our result.
Remark 5.1. Under assumptions (A.3), (A.4) and (A.6), it is easy to see that (3.27) has
a unique solution P, € C([0,1] x R) N C*(]0,1] x R) and consequently P,, € C*([0,1[xR).
Using the boundedness of P.(S,)(1 —S,) in (A.4), it is easy to see thatl there exists a
constant M such that for all S, € [0, 1],

PSPQ(SgaP)§P+M7 P(l_Sg)_MSPw(SgaP)(l_Sg)Sp(l_sg)-
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The wetting phase pressure P,,, in contrast to P,, is unbounded when S, — 1. From (A.3)
and (A.6) it also follows that w is smooth, strictly positive and bounded function. There
exist constants wy,, wyr, such that for all S, € [0,1] and P € R,

0 < wy <w(Sy, P) <wy < 400,
and also
0< ,Om)\mwm < A(Sg7p) = Aw(Sg,P) + Ag(Sg,P) < pM)\MwM

Remark 5.2. From (A.5) it follows that there exists a constant C' > 0 such that for all
51, Sg E]O, S#]

|Pc(51) — PC(SQ)‘ min(Sl, SQ) S C|Sl — SQP, (515)
and for all Sy, Sy € [S* 1]
|PC<51> — PC(SQ)|(1 — maX(Sl, SQ)) S C|Sl — SQP/. (516)

For example, for S; < Sy < S#

Sa
|P.(S1) — P.(S2)|min(Sy, S2) = S1(P.(S2) — Pe(51)) < /S sPl(s)ds

Sa Sa C
— / s*TP!(s)s7 1 ds < C’/ 7 ds < —|S; — Sy,
Sl Sl ,y

and analogously for S; > So. The estimate (5.16) can be proved in a similar way. For

S#<Sl<52

|P.(S1) — P.(S2)|(1 — max(Sy, S2)) = (1 — S2)(P.(S) — Pe(51)) < / (1—s)P.(s)ds

c
1 S1

C C
= ;((1 —51)7 = (1=5,)7) < ;|51 — S|

So S2
- [Casppma-gtasso [Ca-g

where the last inequality follows from the fact that the function (1—S)7 is Holder continuous

with exponent v, when 0 < v < 1. The case S1 > S5 can be shown analogously.
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Remark 5.3. Note that (A.8) is satisfied if the function a(S) = \/A;(S)Aw(S) has the
following asymptotic behavior at S = 0,1:

Sn for § < .5
OZ(S) > CO
(1—=S5)2  forS >S5

Then (A.8) is fulfilled for T = min(1/(1 4+ v1),1/(1 + v2)). Furthermore, (A.4) and (A.8)
imply that S — ((S) is a monotone increasing function satisfying 3(1) < +oo and thus
there exists an inverse function S = 371: [0, 3(1)] — [0,1]. From (A.8) it follows

1B(S2) = BSUI" = Z5)5; - S, (5.17)

and S 1s Holder continuous with exponent T.

Remark 5.4. Conditions (A.4) and (A.5) are satisfied for many relative permeability-
capillary pressure models in suitable range of theirs parameters. A calculation can show,
that Brooks and Corey model satisfy (A.4) and (A.5) for parameter A > 1 and any vy < 1—%.

For van Genuchten’s functions these conditions are satisfied for n > 2 and any v < Z—j
In order to take into account the Dirichlet boundary condition the following space is in-

troduced:

V={peH®):

Iy, = 0}

Throughout the rest of the chapter the notation S = S, is used. Now the existence result
of weak solutions of the system (5.6), (5.7), (5.8), (5.9) and (5.10) in variables P and @ is

presented.

Theorem 5.1. Let (A.1)-(A.8) hold and assume (0y,po) € L*(Q2) x L*(Q), 0 < 6y < (1)
a.e. in Q. Then there exists (P,0) satisfying

Pe L*0,T;V), 6 € L*(0,T;V), 0 <0 < B(1) a.e. inQp, S=S8(0),
®0;(pu(S, P)(1 = S)) € L*(0,T;V"), ®0:(p,(S, P)S) € L*(0,T; V"),
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for all p,vp € L*(0,T;V)

/OT(CD@(pw(S, P)(1—=29)),p)dt + / Ay (S, P)KVP -V — A(S, P)KV0 - Vy|dzdt

T

- / () (S, PYKe - Voo — pun(S, P) (S, P) Fpepldadt = 0, (5.18)

T

T
/ (®0,(py(S, P)S), )t + / [A,(S, PYKVP - Vi) + A(S, PYKVE - Vi dadt
0 Qr

- / D (S)p(S, PYKg - Vb — py(S, P) (S, P)Fpuildadt (5.19)

T

_ / po(S, P)Fripdadt.

T

Furthermore, for all b € V' the functions
Lo / Bpu(Pol(S, PY)(1 — S)irdz, o / B, (P,(S, P))Sbda
Q Q

are continuous in [0,T) and the initial condition is satisfied in the following sense:

(/Q Bpu(Po(S, P))(1 — S)wdx) (0) = /Qq%(pw(sg’po))(l sy,

(/chpg(Pg(S, P))Szpdx) (0) :/qug(pg(s()?po))sgwx,

where so = S(0o).

Compared to [44, 48], this existence result permits to consider unbounded capillary
pressure functions and can be applied to physically relevant situations. In contrast to
[42-44] and [48], no additional regularity of porosity and permeability fields apart from
boundedness and positivity are demanded. This is achieved by a modification of a standard
compactness result in [60]. By considering this new model for immiscible compressible two-
phase flow in porous media by the concept of global pressure, the proof of the existence of

weak solutions greatly simplifies compared to the one presented in [42-44, 48].
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5.2 Regularised Problem and Auxiliary Results

In the proof of Theorem 5.1 a crucial role is played by the fact that the change of variables
(u,v) = G(S, P) given by

u=pu(Pu(S,P))(1 =5), v=py(F(S,P))S (5.20)

(S =5,) is a diffeomorphism. This is proved in the next two lemmas.

Lemma 5.1. Assume (A.4) and (A.6) hold. Then the map (u,v) = G(S,P), G: [0,1] x
R — [0, pa] % [0, pas] defined by (5.20) is injective.

Proof. Assume that there exist (S, P1) # (52, P2) such that

Pu(Pu(S1, P1))(1 = 51) = pu(Pu(S2, P2))(1 — Sa),
Pg(Py(S1,11))S1 = pyg(Fy(S2, P2))So.

First the case Sy = S5 is considered. If S; = S5(= S) > 0 then the strict monotonicity of
pg gives Py(S, Py) = P,(S, P»). The nonwetting pressure P, is strictly monotone function of
the global pressure, leading to P, = P,. The argument is also valid in the case S = 1 since
P,(1, P) is finite. If S} = Sy = 0 then p,(Py(0, P1)) = pu(Pu(0, P»)) or py(P1) = pu(~)
which leads again to P, = Ps.

Consider the case S; > S5. Then

S 1-5
— <1 d 1
S = -5 =
From
1— Sl SZ
pu(Pu(St, 1)) 1— S, Pu(Pu(S2, P2)),  pg(Py(S1, Pr)) = Pg(Pg(Szypz))S—l-

it follows that

Pu(Pu(S1, 1)) > pu(Pu(S2, o)), pg(By(S1, P1)) < pg(Fy(S2, P2)).

The density functions are strictly increasing and therefore

Pw(Sl,Pl) >Pw(SQ,P2), Pg(Sl,Pl) <Pg<SQ,P2).
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By subtraction one obtains
PC(SI) = Pg<Sl’P1) - Pw(Slu Pl) < PC(SQ) = Pg(827 PQ) - Pw(527 PZ)

which leads to S1 < Sy since S = S, — P.(S5) is strictly increasing function. This is in
contradiction with starting assumption, S; > S5. In the same way, one may prove that the

case S; < S is not possible and the conclusion follows. O

In order to study the map G, given by (5.20), it is decomposed as G = Go o GGy,
(S, P) = (S, FPy(S, P)) = (pu(Py — P(S))(1 = 5), pg(Ey)S).

Mapping G1(S, P) = (S, P,(S, P)) is a homeomorphism from [0, 1] x R to [0,1] x R, and a
diffeomorphism in 0, 1[xR.

Next, consider the mapping G1(S, P)) = (pw(P; — Pe(5))(1 = S), py(Fy)S). A simple
analysis shows that G, maps [0, 1] x R into lower triangle of [0, py maz] X [0, pg.maz]. Indeed,

if one sets
u=py(Fy — Pe(S)(1 = 8), v=py(Fy)S,

then, for a fixed v € [0, pymaz), S is allowed to vary in the interval

< S < min(1, ).
pg,maw pg,mm

u is expressed as a function of S (and v which is fixed) as

v

u=pulpy(5) = Pe(9))(1 = 5).
This function is strictly decreasing since

% = —pulpy " (5) = PelS)) + Plu(py () = PU(L = 8)(Dp; () (—5) = BUS)) < 0.

One easily see that (u, v) covers all of shadowed region on Figure 5.2, which will be denoted
by R. Note that R contains open segments BC' and DA, but it does not contain closed
segments AB and C'D which correspond, respectively, to P, = +00 and P, = —o0.

Lemma 5.2. The mappings G and Gy are homeomorphisms from [0,1] x R to R and
diffeomorphisms from 10, 1[xR to Int(R).
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pg = —oc0 pw,min S = O pw,max u
Figure 5.1: Range of the mapping Gs.
Proof. Injectivity of the map G is proved in Lemma 5.2 and thus G5 is also injective.

Surjectivity of the map G5 from [0, 1] X R to R and surjectivity of G; on [0, 1] X R proves
that G is a surjection form [0, 1] xR to R. Thus, Hy = G " exists. Calculating the jacobian

of G5 gives
o ou
'%f ‘3_5‘ =[pw(Pu) (1 = 9)]pg(Py) + pg(Py) S[ply(Pu) (1 = S)PIS) + pu(Pu)] > 0,
op, 0S

where P, = P, — P.(S). Therefore, G5 is a diffeomorphism from |0, 1[xR onto Int(R). To

show the continuity of G5! on BC and DA, consider a sequence

(U’kavk) - <U’> 0) as k — o0, for Pw,min <u< Pw,maz -
Then, obviously, S* — 0, and p,(P} — P.(S*)) — u. From the continuity of p, and
P, and since u # puw min, Pw.maz P; — pt(u) + P.(0). The continuity on BC' is shown
analogously. O

Unboundedness of the capillary pressure function is the reason why the gas saturation
S cannot be taken as the primary variable. To avoid integrability problems, capillary
pressure curve will be corrected in order to make it bounded. Also, a small constant is
added to the diffusivity coefficient in order to achieve uniform ellipticity of discretized
system. therefore, a small parameter n > 0 is introduced into the coefficients. The limit

when 1 — 0 is analysed.
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The capillary pressure derivative may be unbounded at S = 0 and .S = 1. The derivative
will be limited by applying an operator R,, 0 <n <1, to the capillary pressure derivative

in the following way:

2(1 o %)Pc(ﬂ);Pc(O) + (2% — 1)Pl(7]) for S <n

c

R, (P.(S)) = § PU(S) forn<S<1-n (5.21)
P/(1—n) for1—n<S <1,
and let
S
PI(S) = P.(0) +/ R, (P.(s))ds. (5.22)
0

Obviously, if the derivative P.(S) is bounded at S = 0 or S = 1, then the correction at
that end in R, (P.(S)) is not needed. It is easy to see that, for any n > 0, P(S) is a
bounded, monotone, C*([0,1]) function, and that P"(S) = P.(S) for S € [n,1 — n]. From
(A.4) it follows that for sufficiently small 7 it holds

d
— P > in/ 2 : 2
S PI(S) = Pepin/2 > 0 (5.23)

Also, the operator R, satisfies

| By (LS| < Pl nas < +00,

for some constant p{,,,, such that, generally, — oo when 1 — 0. Note also that one

can assume that R,(P.(S)) satisfies

yi
pc,max

Ry (PA(S)) < Fi(S), for § >, (5.24)

[

since if it does not one can modify the definition of R, (P.(S)) for S > 1—n by replacing the
constant value P.(1 —n) by suitable continuous curve, staying below P/(S) for S > 1 —n.
Define:

P!(S,P) = P+ P.(0) + / ’ fuls, P)R,(P.(s)) ds, (5.25)

PI(S, P) / f.(s, P)R,(P.(s)) ds. (5.26)
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Obviously,
P)(S, P) — P)(S, P) = PI(S). (5.27)

The derivatives of regularized phase pressures are given as

oPm  opn
—_ 9 _"w _ "

where, from Remark 5.1

w(S, P) =

L e P — (s o1y P8 P)P(5 PYNu(5)Ag(8) Ry (PU(s))
exp (= [ uto. ) vt P e %)

~—
~—
)

Now it follows that

VP! =W(S, P)VP + f,,(S, P)R,(PL(S))VS, (5.28)
VP! =w!(S, P)VP — f,(S, P)R,(P.(S))VS, (5.29)

and for given P,.S € L*(0,T; H'(Q)) it follows that P, P € L*(0,T; H'(Q2)).
In the regularized version of the system (5.6), (5.7) the functions P! instead of P, are

used in calculations of the mass densities. That means, p, (S, P) is replaced with
pa(S; P) = pa(PY(S, P)). (5.30)

The function A(S, P) is replaced with A"(S, P), for n > 0, defined as

5, P)py (5, P)
(S, P)

an(s, p) = Pl M)Ay (S)Ry(PL(S)) + 11 (5.31)

c

Obviously, A"(S, P) > n > 0. The regularized system now takes the form

0 . . n iv( A"
(pl(S. P)(1 = 5)) = div(AJ(S, PYKVP) + div(4"(S, P)KVS) (5.32)

+div(Au(S)pl, (S, P)*Kg) + pi,(S, P) fu(S, P)Fp = p(S, P)S,, Fr,
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@%(pgw, P)S) — div(A(S, PYKVP) — div(A"(S, P)KVS)

+ div(Ag(S)p!(S, P)’Kg) + pl(S, P) f4(Sw, P)Fp = pl(S, P)S; F1, o)
where S = S, and for o € {w, g}
AL(S, P) = Ao (9)pa(S, P)"(S, P). (5.34)
The regularized total mobility is introduced:
A"(S, P) = AL (S, P) + AJ(S, P), (5.35)

and the regularized ¢ function:

S
() = / Au($)A (5) Ry (PL(5)) ds. (5.36)

Remark 5.5. The regqularized wetting phase fluz (without gravity term) can be written as:
Al(S, P)KVP — A"(S, P)KVS = A\, (S5)pu(S, PYKV P! — nKV S, (5.37)
and similarly for the reqularized non wetting flux:
AN(S, P)KVP + A"(S, PYKVS = \;(5)py(S, P)KV P! + nKVS. (5.38)

Remark 5.6. A priori estimates that will be used in the proof of Theorem 5.1 are based
on the following equality,

pg(S, P)A(S)KVPY - VP! + py(S, P)A(S)KV P - VP

Pg(S; P)puw(S, P)
(S, P)

— A"(S, p)w" (S, p)KVP - VP + KV3(S) - V1(S).

(5.39)

From (3.27) and similarly from (3.28) one obtains

VP] - VE] = w8, P)*VP - VP +2"(S, P) f(Sp) Ry (P(S))VS - VP
+ fu(S, P)*Ry(PL(S))’VS - VS.
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Then by settingU = py(S, P)A\(S)KV P -V Pl + p, (S, P)A, (S)KV P - VP, one obtains

U = w(S, P)2(py(S, P)Ay(S) + pu(S, P)Au(S))KVP - VP
+ (pg(S, P)Ag(S) fu (S, P)* Ry (Pi(s))
+ pu (S, P)Xu(S) fo(S, P)* Ry (Pi(s))*)KVS - VS

C

Pg(S, P)Ag(S)pu (S, P)Au(S) ,
+2 NS P W(S, P)R,(P/(S))KVS - VP
o Pu(S, P)Au(8)p (S, P)A(S)
(5, P)

w"(S, P)R,(P.(S))KVS-VP
which gives

U = (S, PYNI(S, PRV P - TP+ (p,(S, PIA(S) ful S, PV Ry(PL(s))?
+ pu(S, P)Au(8) f4(S, P)* R, (Pi(s))*)KVS - VS.
Using the following equality (py = py(S, P), puw = puw(S, P))

Pg)‘g(S)p%u)‘w(S)Q + pw/\w(S)pg>2)‘g(S>2 _ Pg)‘g(s)pu)‘w(s)
A(S, P)? A(S, P) ’

it can be obtained

U = w"(S, P)A"(S, P)KVP - VP

Pg(S; P)puw(S, P)
(S, P)

[

( Ag<s>Aw<s>Rn<P'<s>>)2Kvs Vs,

which gives

(S, P)pw(S, P)
(S, P)

U = (S, PYA!(S, PYKVP - VP + KV3"(S) - VB(S).

From the equality (5.39) the estimate follows

pg(S, P)Ag(S)KV P - VP + py(S, P)Au(S)KV P, - VP!
2 (5.40)
> At i |V PI? + =k [V 37(S) .
AMPM

Remark 5.7. From (5.23), as in Remark 5.3, that " has Hdélder continuous inverse
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= (8", with the same exponent 7. Indeed,

52 SQ
|B77(Sl) 577 S2 | w S >\ dS|T > Pcmzn| \/ w d5|T

> C’|51 — Ss.

Remark 5.8. Lemma 5.2 is equally applicable to the mapping (u,v) = G"(S, P), G": [0, 1] x
R — R defined by

w=pu(PY(S. P))(1—S), v=p,(PI(S,P))S. (5.41)

g

which is therefore homeomorphism from [0,1] x R onto R.

Now the convergence properties of the regularized coefficients will be investigated when

n — 0.

Lemma 5.3. Assume that (A.4)-(A.6) are fulfilled. Then there exist constants M > 0, w,y,

and wys such that

P <PJ(S,P) < P+ M, (5.42)
(1—S)P—M <(1- 8PS, P) < (1-S)P, (5.43)
Au(S)P = M <Xy (S)PI(S, P) < A\u(S)P, (5.44)
0 < wy, <W'(S, P) <wp, (5.45)

and the following uniform convergences in [0,1] x R hold:

P)(S,P) — Py(S,P) asn— 0, (5.46)
(1-S)P)(S,P)— (1 —=S)P,(S,P) asn— 0, (5.47)
Aw(S)PI(S, P) — Ap(S)Py(S,P) asn— 0, (5.48)
wl(S,P) — w(S,P) asn— 0, (5.49)

B1(S) — B(S) asn— 0 uniformly in [0, 1]. (5.50)

Proof. The estimates (5.42) and (5.43) follow easily as in Remark 5.1, by using (A.4) which
gives the boundedness of A\, (S)P.(S) in [S# 1] and the boundedness of (1 — S)P.(S) in

[

[0,1]. Similarly (5.44), and (5.45) are obtained as in Remark 5.1. For the convergence
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(5.46), using (A.4) which implies that A, (S)P.(S) is bounded in vicinity of S = 1, the

[

estimate is:

PI(S, P) — P,(S, P)| s/ Ful,9) [ Ry(P(s)) — PA(s)| ds

1

< AM/O (Ry(Pi(s)) + Pl(s)) ds + 1_nAw(s>(Pc’(1—n)+Pc’<8>>d5)
< Af’n“[fm At /j(Rn(Pc’(s))dsHM/OnPé(s) ds+/l_n Aw(1 =) P(1 =) ds+
+ ] M6)P ds> <3 (i (Peln) = P(0)) + C).

This gives (5.46), and (5.50) is obtained in a similar way.

7(8) = 56 < [ RONOIREE) - o)l ds
/ﬁ hios [ rmir

S)\M/ R,(P.(s))ds+ Cn

For (5.47), for sufficiently small 7 it follows:

[(PJ(S, P) — Pu(S, P))(1 = S)| <

S|/ 9)|R,(Pl(s)) — Pl(s)] ds

PM)\M n max(1-n,5)
< B[Ry ps)) s ds w181 [ Py
mpPm JO 1-n

< B 3P fo) = PA0) + (1~ 5) [Polmax(1 ~ 0. 5)) = P.(1 = ).

mpm

Applying (5.16) in Remark 5.2 one gets
[(PA(S, P) = Pu(S, P))(1 = 5)| < C(Fe(n) — Fe(0) +17)

which gives (5.47).
The convergence (5.48) is obtained in a similar way as in (5.46) and (5.47) by using the
monotonicity of \,(S) and the fact that, due to (A.4), A\, (S)P.(S) is bounded in [S# 1[.
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Therefore,

PM S
(P30S, P) = Pu(S5, P))Au(5)] < 5 )‘w(S)/O Ag(8)|Ry(Pe(s)) — Pu(s)| ds

C
mr~m

<SP A (R P + P s [ 206 PLs) )

< 2080 3(p ) - P.(0) + .

The convergence (5.49) is obtained similarly, using the fact that the exponential function

is continuously differentiable. ]

Corollary 5.1. Assume that S, P", S, P € L?*(Qr) are such that 0 < S7,S < 1 and
P"— P S§"— S a.e inQr whenn— 0.
Then

PI(S", P") — Py(S, P) w"(S", P") — w(S,P), ae inQr whenn—0, (551)
(1 = 5" puw(PI(S", P") = (1 = S)pu(Pu(S, P)), a.e. in Qr whenn—0,  (5.52)
Aw(S™)pu(PR(S™, P")) — A(S)puw(Pu(S, P)), a.e. in Qp whenn — 0.  (5.53)

Proof. This is a consequence of the uniform convergence in Lemma 5.3 and the continuity

of functions P,, w and p,. O

The weak formulation of the regularized problem is defined in the following theorem.

Theorem 5.2. (Regularized problem) Let (A.1)-(A.7) hold and assume that (so,po) €
VxV,0<s <1ae inQ. Foral n > 0 sufficiently small there exists (P",S")
satisfying

P" S"e L0, T;V), 0< S"<1 ae. inQr,
@0, (p,(S", P")(1 = S)), @y (p(S", P")S™) € L*(0,T; V"),
P (8", P (1 —S"), pp(S", P")S" € L*(0,T; V) N C([0,T}; L*(Q)),
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and for all o, € L*(0,T;V)

T
/ (0,(p1 (57, PT)(1 — ™)), o)t
0
+ / [A7(S7, PHNKV P - Vip — A(S", PYKVS" - Vildudt
Qr

- / (ST, P Kg - Vg — pll(S", P') fulS", P Fpgldadt  (5.54)

T

— [ U P = S Frpdat,

T

T
/ (@0,(1(S", PT)S"), )t
0
+ / [A1(S™, PTYKV P" - Vb + A"(S", PYKVS" - Vo] dadt

- / Mg (ST)AI(ST, PYKg - Vi — pI(S7, P f,(S", P Epildudt  (5.55)

T

= / pP(S", P")S* Frypdadt.
T

Furthermore, pi},(S", P")(1 — S™) = pil (s0,po)(1 — s0) and p(S", P")S" = pi(s0, po)so a-e.

i Q, fort =0.

The regularization of the capillary pressure (5.21) is not needed for problem (5.54),
(5.55). The fact that the regularized function A" is strictly positive (see (5.31)) and (A.4)
are sufficient to obtain a regularized problem, i.e. a non-degenerate one. The need for
regularization comes from the choice of the test function used in Section 5.3.2. Namely,
P, (S, P) is not a good test function with P,S € L?*(0,T;V) since VP, (S, P) is not in
L?(Q7) due to the singularity of 0P, (S, P)/dS at S = 1. This singularity is removed by

correcting the capillary pressure curve.

5.3 Proof of Theorem 5.2

5.3.1 Step 1. Time Discretization

In this section a discretization of the time derivative for the regularized system (5.54)—

(5.55) is introduced. In order to simplify the notation, the dependence of the saturation
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and the global pressure on the small parameter 1 will be omitted until the passage to the
limit n — 0.

The time derivatives in the variational formulation given in Theorem 5.2 are discretized
in the following way: For each positive integer N interval [0, 7] is divided into N subin-
tervals of equal length h = T'/N. One sets t,, = nh and J,, =|t,_1,t,] for 1 <n < N, and

denote the time difference operator by

v(t+h) —o(t)

h _
8 U(t) - h )

for any h > 0. Also, for any Hilbert space H one denotes
Ih(H) ={v e L>®(0,T;H): v is constant in time on each subinterval J, C [0,7T}.

For v € I;,(H) is set v™ = (v")* = v"|;, and, therefore, it can be written

N
o = Z V"Xt 1 (), 0"(0) = "
n=1

To each function v" € [,(H) one can assign a piecewise linear in time function

N ot t—t
@"zz:(”h N - ”> Xitw 1] (), 0"(0) = 0", (5.56)

n=1

Then it follows that
N

Finally, for any function f € L'(0,T;H) is defined f" € I;,(H) with,

(V" = 0" g () = 07""(t),  for t #nh,n=0,1,...,N.

bl'ﬂ
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The discrete system is defined as follows: Find P" € [,,(V) and S" € 1,,(V) satisfying

/ SO~ (p (S", PMY(1 — SM))odadt

T

[A7(S", PMKVP" . Vo — A(S" PMRVS" - V|drdt

T

+

Ao (SM)p (S, PM?Kg - Vo — p (8", P") f,,(S", P")Flp|dadt (5.57)

S

S

oS, PM)(1 — 5" Ffipdadt,

I
S

T

for all ¢ € 1,(V);

/ Q0" (p1(S", P")S™)dadt

+ / [A2(S", PMKVP" - Vo) + AY(S", PMYRVS" - Vij]dadt (5.58)
—/ Mg (S™)pg(S", P")’Kg - Vb — pi(S", P") fo(S", P") Fpa]dadt

_ / pI(S", PM)S N Flupdudt,

for all ¢ € [,(V). For t <0 S" = sy, P = py.

Proposition 5.1. Assume (A.1)-(A.7), 0 < S*<1,0<s9 <1 andpy € V. Then there
exists a solution P, S™ € 1,(V') of (5.57), (5.58), such that

0<S"<1 ae inQr.

Proof. The proof is based on the Schauder fixed point theorem. Fix 1 < k < N. It is
enough to prove that for given P¥~1 S*~1 ¢ V with 0 < S¥~! < 1, problem

3 Bt P = 84 = g8 P - 5
Q
+ / [A7(S*, PMKVP* .V — A"(S*, PFYRVS® . Vldr (5.59)
Q
- /[Aw(Sk)pZ(Sk,PWKg -V — pll(S*, P*) fu(S*, P*) Fp)da
Q

_ / P (S¥, PR)(1 — §°F) Flide,
9]
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for all ¢ € V and

1
7 [[@ss PRt — g5t P e

+ / [AN(S*, PYYKVP* - Vi + A"(S*, PMYKV S - Vi da (5.60)
Q

- /Q[Ag(Sk)pZ(S’iP’“)ng -V — pi(S*, PY) £ (S*, P*) Fpylda

— [ Ay P Frd
Q

for all ¢» € V, has a unique solution P* S* € V. By summing (5.59) and (5.60) one gets

%/@(H”(S’“,Pk)—H"(Sk‘l,Pk‘l))goder/A"(Sk,Pk)KVP’“-chdx
Q Q

- / HI(S*, PHKg - Vo — HI(S*, P*)Fhglda (5.61)

= [ (1= 579 4 (8" PH)S ) P
Q
for all p € V| where the functions have been introduced.

HH(S7 P) - p%(‘i P)<1 - S) +pZ(S7 P)57
HY(S, P) = \u(S)p}(S, P)? + Ag(S) (S, P)?,
Hg(S7 P) = pZ}(S7 P)fw(S’ P) +Pg(57 P)fg(*gv P)

Note that the system (5.60), (5.61) is equivalent to the system (5.59), (5.60). Therefore,
the existence of a solution to (5.60), (5.61) will be proven.
Let T: L?(Q) x L*(Q) — L*(Q) x L*(Q) be a mapping defined by 7(S, P) = (S, P),

where (S, P) is a solution of the following linear system:

—/cb(Hﬂ(Z(?),F) —H”(S’f—l,Pk—l))goder/A"?(Z(?),F)KVP-vgodx
Q Q

- / H)(2(5), P)Kg - Vo — HJ(Z(5), P)Fliglda (5.62)

- / ((Z(3). P)(1 — §°%) + p1(Z(5), P)S™*) Fl o,



5.3. PROOF OF THEOREM 5.2 92

for all p € V,

| 2(2(5), PYZ(S) =yt P )5 da

SRS

- / [AN(Z(S), P)KVP - Vi + A"(Z(S), P)KVS - Vijda (5.63)
Q

- / N (Z(E)PZ(S), PYKg - Vi — p(Z(5), P)f,(2(5), P)Flatlda

- / p1(Z(S), P)S** Fiydz,

for all ¢ € V. Here the following function is intorduced:

0 iftS<0
Z(S)=48 if0<S<1
1 it S>1.

Note that (5.62) is a linear elliptic equation for the pressure P which has a unique solution

by the Lax-Milgram lemma. From (5.62) by setting ¢ = P it follows

/QA”( (S), P)KVP - VPd:p</( n(Z(S), P)(1 = S**) + p)(Z(S), P)S**) F}| P|dx
/H" (3),P)|Kg - vpydx+/H" (S), P)FE| P| du
vy /Q B(H"(Z(5), P) + H'(S*1, P*1))|Plda

< ol Fr 2@l Pll 2oy + AepasClIV Pllz )+
+ parllFEl Lol Pl + 22 1@l | Pl sz

and then the estimate is obtained:

1
PmAmwmkm/Q VP dx < 2pp (1 + Ul + 1FF I z2) + 1FB ] 2@ | Pll 2y

+ Cpy Al VP 20
(5.64)

where C' = C(kyy, |€2]) is a constant. Therefore, by an application of the Poincaré inequality



5.3. PROOF OF THEOREM 5.2 93

it follows that
[Pl < C (5.65)

where C' is independent of S, P. Now, since P is known, (5.63) is an elliptic equation for
S whose solution exists by the Lax-Milgram lemma.
From (5.63) by setting ¢ = S one obtains

/QA”KVS.VSd:zrg /QpZ(Z(g),P)S*”“Ff]SMa:+/Qpg(Z(g),P)fg(Z(g),P)F}i]S|d:c+
—I—%/ch(pg(ZG),P)Z(g) + pl(SEH PMY S S| dat
+/QAQ(Z(?))pg(Z(?),PﬂKg-VS|da:+/QAZ(Z(§),P)\KVP-VS|dx
gpM/Ff|S|dx+pM/F£yS\dx+2”—M ®|S| dx
Q Q h Q

Q Q
and then using inequality A7 = A"(Z(S), P) > n the estimate follows:

1
kmn/Q VS| dx < 2pp (1 + E)(H(DHL?(Q) + ||FIk||L2(Q) + ||FII§||L2(Q))||S”L2(Q)

(5.66)
+ pu Ak (919212 + on [ VP 20 IV S 22,
and therefore, using the Poincaré inequality,
[SN|) < C (5.67)

with C' is independent of S, P.

The application 7 : L*(Q) x L*(Q) — L*(Q) x L?(Q) is well defined and maps L?*(2) x
L*(Q) to a bounded set in H*(2) x H*(€), which is relatively compact in L?(Q2) x L*(9).
From the uniform estimates (5.65) and (5.67) one can find a ball in L?(Q) x L?(2) which 7
maps to itself. In order to apply the Schauder theorem, it remains to show the continuity
of the map 7. To this end, let (S;, P;) be a sequence in L?(2) x L?(2) which converges
strongly to (S, P). Let (S;, B) = T(S;, P;), then, up to a subsequence, one has when
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S; — S weakly in V, strongly in L*(2) and a.e. in , (5.68)
P, — P weakly in V, strongly in L*(Q2) and a.e. in €, (5.69)
Z(S;) — Z(S) strongly in L*(Q2) and a.e. in . (5.70)

One can pass to the limit in (5.62) and (5.63) using boundedness of the coefficients and
the Lebesgue theorem, giving (S, P) = 7 (S, P), which proves the continuity of the map
since the limit (S, P) is unique. Schauder’s theorem now can be applied, which gives
the existence of a fixed point of 7. The existence of a solution to (5.57), (5.58) is then
achieved if one proves that 0 < .S <1 a.e. in ). In order to show the boundedness of S,
put ¥ = S~ = min(S,0) € V in (5.63). Note that ¢» # 0 only if S < 0. Therefore, all
terms containing factors Z(S), AJ(Z(S), P), \,(Z(S5)) and f,(Z(S), P) (which are zero for
S < 0) cancel:

/ A0, PYKVS™ - VS dr = / p(0, P)S™*FFS™da
Q Q
1
+5 / pP (ST, PN SES T de < 0.
Q
Therefore,
/ IVS™|*dr <0
Q

and it follows that S~ = 0, that is § > 0.

In order to show the boundedness of S <1 put ¢ = (S —1)" = max(S — 1,0) € V in the
equation for the water phase, obtained by subtracting (5.62) and (5.63). Note that ¢ # 0
only if S > 1. Therefore, all terms containing factors 1 — Z(S), A7(Z(S), P), A(Z(S))
and f,(Z(S), P) (which are zero for S > 1) cancel:

- / A1, p)RV(S — 1)* - V(S — 1)*dz = / (L P)(1 — S)FE(S — 1) dat

1
+ / dpn (S P (1 — S (S — 1)Tdx > 0.
Q

Therefore,
/ V(S — 1)t *de <0
Q

and it follows that (S —1)% is constant and since it is zero on I';, one obtains (S —1)" =0,
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that is S < 1. O

5.3.2 Step 2. Uniform Estimates with Respect to h

Uniform estimates will be obtained using the following test functions introduced in [44]
and used in [48]:

Pgn’k 1 Pﬂ’k 1

o= G (PP = / dz, b = Go(PTH) = / iz (571)

e P.(0) Py(2) 0 pu(2)
where PF = P1(S*, P¥) and P}* = PJ(S*, P*); P/ and P} are defined in (5.25) and

(5.26). A special care will be taken to make the dependence on 7 explicit.
Note that if P = S = 0, then P)** = P,(0), P* = 0 and therefore Gy(PP*), G, (P1*)
are admissible test functions. After setting ¢ = G(P2*) in (5.59) and ) = G4(P}*) in
(5.60) the two equations are summed. First the terms with discrete time derivative will be

estimated, namely

[ @lpulPro1 = 84 = (P20 = 8] Gu( P2
! (5.72)
+ /Q B pg(PPF)S* = py(PPE)SH 1 Gy (P .

If the function under the integrals in (5.72) is denoted by ®.X one can write (the superscript
n is dropped for simplicity of notation)

X =pu(Py)Gu(Py)(1 = S%) + py(Py)Gy(Py) S*
= pu(Py)Gu(Py™) (1 = S71) = py(Py 1) Gy(Py =) SH
+pu(PyGu(Py™h) = Gu(Py)I(1 = 8571 + pg (PG (P 1) — Gy (Py)1S*

Using the fact that z — p,(2), @ = w, g, are increasing functions, one obtains

Pt 1

=1y _ ky _ .
GulPl) = GulP) = | &> o

Pt PRy,
e ( )

Vv
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and similarly for G,(F,). Therefore,

X 2pu(Py)Gu(Py)(1 = S*) + py(Py)Gy(Py)S* — (1 = S*) Py — S" Py
= [pu(Py )Gu(Py) (1 = 871 4 py (PG (Py ) SM T — (1= S5 Py
— SFTIPET] 4 (SF = SV Y(Py — Py).

Again, using the monotonicity of the capillary pressure,

Sk Sk—l
— S PY - PF) = - S"HP > P(z)dz — Pl(z)dz.
Sk — SF ) (PF — PE) = (SF — SE1pa(s i 4
0 0
it follows that
X > H(S*, PF) — H(SF PR (5.73)

where

g

S
HI(S. P) = [pu( PIGu(PL) ~ P(1=5) + [n,(P)G,(F}) - B]S + [ Pa(e)de
0
From the monotonicity of the mass densities one finds
H"(S, P) > 0. (5.74)

With the estimate (5.73) the sum of equations (5.59) and (5.60) can be written, with test
functions ¢ = G, (P}*) and ¢ = G4(P)*), as

3 Bt P = R P
Q

1
+ / ——[A1(S*, PFYKVP* — A"(S*, PFYKVS*] - VP da
Q pw(Pg7

1
+ /Q o n,k>[A2(Sk;Pk)Kvpk+A”(Sk,Pk)KVSk]-VPg'"’kdx (5.75)
g g
< [ IS Il PR - TP 4 0,(8")p, (PR - VP da
} @pw(Pﬁ”“)fw(S’“aP’“>F£Gw<P£’k> T oy (PI) fo(S¥, PR EEG,(PP*))da

+ / (Pu(PI)(1 = S™F)FEG,,(PI¥) + p,(PI*)S™* FEG,(PI*)) da
9]
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The integrals in (5.75) are denoted by X, Xo,...,Xg respectively. Using (5.37) in X, it

follows

1
X, = / A (87)pu(S*, PRV PR — KV S*] - VP  da
Q pu(Pu™)

1
= [ ———[\u(S")pu(S*, PRV PIF . v PoF
/pr(%,k)[ (5%) o ( JKVE] w

+ 1.y (S*, PF) Ry (PU(S*)KVS® - VS*|dx — 1 / w(s", PY)

—KVS* . VP dz.
o pu(Pu)

Using (A.2), (A.3), (A.4) and (A.6) the following estimate is obtained:

1 .
Xy > — [ M(S¥)pu(S*, PHYRV PR .V PE dy - nkmp e / fo(S*, PMY |V Sk |2 dx
pu Ja 20m  Ja

k
_ M M/|VPk||VSk|dx.
Pm Q

Using (5.38) the third integral Xj is treated in the same way, leading to the estimate:

1
X3 > p—/ Ag(S%)pg(S*, PFYKV PIF .V PIF d 4
M JQ

k
— M M/|VPk||VSk|dx
P Q

m

km c,min
27” /fw(S’“,Pk)|VSk|2dx
Q

After summing X, and X3 and using (5.40) one gets

A
X5+ X3 >p—pmw Ko /|VP“dx+ pm /|V6’7 (S*)[* dx

m cmzn k
p /\VS’“Fd:c A; Y ||V S*| da,

and therefore one can find constant 7y, and C}, C; independent of 7, such that for all

0<77§7]07

Yot Xo 2 Col [ (VPP o+ [ V(S de) +0Cs [ [VSH e
Q Q Q
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To estimate X4, (5.28) and (5.29) are used to get

| Xal = \/Q[Aw(sk)ﬂw(Pﬁ’k)Kg (W"(S*, PY)VPY — fy(S*, PY)Ry(P/(S™)VS*)

+Ag(S%)pg (P)Kg - (w(S*, PF)VP" + f,(S*, P*) R, (PL(S"))V.S")]da

2\
< Nurorkulglon [ [VPdn+ F5 0y lg) | [997(54)de
Q )‘mpm Q
To estimate X5 and Xg, the superlinearity of the function P! — G,(P?) and Lemma 5.3
is used which give the following estimates, uniform with respect to n, for « € {w, g},
Cy

1
Go(PO < — (P +1), |Gu(PD)] < —(IP| + Pl maa)
T o Prm ’ (5.76)

[Aw(S) A0S, P)| < Cs(|P+1),  |FJ(S, P)| < M(|P] +1).

It follows that

2
| X5] + [ Xe| < pAZQ /{)Fﬁ(/\w(sk)lPZ’kl + A P = Pe(0)])dew

Am P2,

+ ﬁ—M (1= 5"l FYIPI| + FFIP}* = P(O)])d
2
< ApMQ (03+Am04)/F};(\Pk|+1)d:c+’;—Mc4/Ff(yPk|+1)d:c
Q m Q

mPm

PM .
= IR P / FE(PY 4+ p1on)da,
Q

m

which can be written as
Xs| + X6 < (Cs + Co) / (EH + | FEN(IPY] + 1)da,
Q

where Cg,, depends on n through p? ... Using estimates of all terms Xo,..., Xg, it is

obtained

%/@(H”(S’“,P’“) — H(SF, PR da
Q

+Cl/(\VPk\2+!V6"(Sk)]2) dx+n02/ (VS*2da
Q Q

< / (IVPH + V3 (S%)) d + (C5 + Co) / (IF¥| + |FED(IPY] + 1)dz
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where the coefficients C, Cs, C5, C7 and Cg,, do not depend on h. All of them, except Cg ,,
are also independent of 7 and it follows Cs, = 0 if S* = 1 is taken. Using the Holder
inequality, multiplying by A and summing from 1 to N one finally gets

/(I)H"(Sh,Ph)(T)der/ (|VPh|2+|V6”(Sh)|2)dxdt+n/ |V S 2dxdt
“ r r (5.77)
<C [ (|F]*+ |Fp|” +1)dzdt + / OH" (s, p°)dz,
Qr Q
where again the constant C' is independent of h, and independent of n if S* = 1. Using
the estimates (5.76) and (5.43), it is easy to see that the last term in (5.77) is uniformly
bounded with respect to 1. The following result has been proved:

Proposition 5.2. Under the assumptions of Proposition 5.1 the sequences (P");, and (S")y,
of solutions to problem (5.57), (5.58) satisfy the following uniform bounds with respect to
h:

(P™),, is uniformly bounded in L*(0,T;V), (5.78)
(S™), is uniformly bounded in L*(0,T;V), (5.79)
(B"(S™))1, is uniformly bounded in L*(0,T; V). (5.80)

The following funtions are introduced:
= pu(PO(PY, S)(1 = S%), 1y = py(P)(P*,S%))S",

and corresponding piecewise constant time dependent functions which will be denoted by
r and TZ, respectively. By 7 and fg are denoted the corresponding piecewise linear time
dependent functions defined as in (5.56).

The following estimates follows:

Proposition 5.3. Under the assumptions of Proposition 5.1 the following bounds, uniform

with respect to h are valid:

(r™), is uniformly bounded in L*(0,T; H*(Q)), o € {w, g}, (5.81)
(7", is uniformly bounded in L*(0,T; H*(Q)), o € {w, g}, (5.82)
(D7), is uniformly bounded in L*(0,T; V'), a € {w, g}. (5.83)
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Proof. First note that the functions r and 7 are uniformly bounded in L>®(Qr).

For gradients it follows

Vi =) V(pu(PI(S", P))(1 = S%)X 1.0 (1)

] =

el
Il
—

Pu(Pi(S™, PR))(1 = SH)V RIS, PP)X (b, (1)

M= 71

pw(Pg(Sk, Pk))vskx(tk—htk](t)

=
Il

1

and therefore

N N
|Vr1}1l;| < CZ |VP£(S’“7 Pk)lX(tk—lytk](t) + CZ |vsk|x(tk717tk](t)

k=1 k=1

Using (5.27) one gets
[V PI(S, P)| < CIVP|+ G| VS|

which gives
N
Vril < Cy Y (VP 4+ VS )X 1 (B) = Co(IVP"| +[VS")),
k=1

and the same estimate holds for [Vr}|. This proves (5.81). For (5.82), the proof is similar.
From (5.57), for all ¢ € [,,(V) is valid

T
/ (DO pYdt = — / [A7(S", PMKVP". Vo — AN(S" PMRVS" - Vp|dudt
0 Qr
4 [ (S LS PR T = (S PP (", P Erdd
- / Pl (S", PM)(1 — S*M) Frodxdt.

Using Proposition 5.2, the boundedness of the coefficients and the density of [,(V) in
L?(0,T;V), one gets (5.83) for « = w. For a = g, the estimate is obtained using (5.58). [
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5.3.3 Step 3. Passage to the Limit as h — 0

Proposition 5.4. Under the assumptions of Proposition 5.1 the following convergences

for a subsequence, when h goes to zero are valid:

Ire = Fallz2@r) — 0, @ € {w, g}, (5.84)
S —~ S weakly in L*(0,T;V) and a.e. in Qr, (5.85)
B1(S") — B7(S) weakly in L*(0,T;V) and a.e. in Qr, (5.86)
P" — P weakly in L*(0,T;V) and a.c. in Qr, (5.87)
rh— 1y strongly in L*(Qr), o € {w, g}, (5.88)

Furthermore, 0 < S <1 a.e. in Qr, ro = pa(PI(S, P))S, and
OO, — D0, (po(P1(S, P))Sa)  weakly in L*(0,T;V"), a € {w,g}. (5.89)

Proof. In order to prove (5.84), first note that by an easy calculation for any bounded
function ¢ = ((x) id obtained

H(Th C”LZ Qr) = Z 1 7" - 7’ CHL?

The following test functions will be used: ¢ = (rh — k)¢ in (5.59) and ¢ = rk — k!
n (5.60), where ¢ is C¢(Q) function, strictly positive in 2, used to impose the boundary

condition. From (5.59) one gets

1
E/Q(I)(Tk R
= — / [A7 (S, PMKVP* — A1(S*F PFYRVS* - V((rF — 71 de
Q
+ [ Dal8)01(8", P2 - V((rk = )0
Q
— Pl (8%, P¥) fu(S*, P¥YFp(rl, — i )] da

+ [ oSk P - ST - ok .
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The boundedness of the coefficients gives the following estimate,

S

N /Q(Tfu — 2 de < C(1+ [|[VP*||r2i) + (IVS* | 22) IV (7l = 75O |20

+ C(1FEll 2y + 1 FFll2) 1k — 757DV Clli2 o).
This can further be estimated as
ﬁ“(ﬁi - rfﬂﬁll%m)

< CA+ (IVP 2 + V¥ 20) IV 5 220y + 1V75 M ez + 17k — ri I r2(0)
+C(||FII§||%2(Q) + ||FII€||%2(Q))

Multiplying by h and summing from 1 to N to obtain

N

Pm _

> DL = IV < CA+ IVP Z2ign + IV F2(0m + 211V 1200
k=1

+ ||V7”?u‘|i2(9) +2||7"Z)||2L2(QT) + ||r2;||%2(9) + ||FI];||%2(QT) + ||Flh”%2(QT))‘

Using Proposition 5.2 and Proposition 5.3 one finds that

] =

I(rh, — 7‘5]_1)\/6”%2(9) <C

k=1

with C independent of h, and therefore

H(TZ; - ff{;)\/Z”L?(QT) — 0as h—0.

Taking a subsequence, if necessary, one gets (r", —#")\/C — 0 a.e. in Q7 as h — 0. Since

,ff, — f,ffj — 0 a.e. in Qr, and by Lebesgue’s theorem

¢ is strictly positive in  if follows r
|rh — 7|2 — 0 as h — 0. Now the wetting phase is treated similarly with ¢ = 1.
This proves (5.84). From Proposition 5.2 the weak convergence of subsequences (S");, and
(P™),, is obtained.

Family (7") is bounded in L?(0,T; H()), while d;(®7") being bounded in L*(0,T; V).

A small modification of a classical compactness result in [60] (see Lemma 5.4 ) gives that
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(7) is relatively compact in L?(Qr). Therefore, up to a subsequence, for a € {w, g},

i — 1, strongly in L*(Qr) and a.e. in Qp.
Using (5.84) it follows
rh — r, strongly in L*(Qr) and a.e. in Qp.

By Lemma 5.2 and Remark 5.8 the mapping (u,v) = G"(S, P), defined by (5.41) has
a continuous inverse H": R — [0,1] x R. Therefore, from a.e. convergence in Qr of
i = ul = py(PI(S", P"))(1 — 5") and rl = v = py(P7(S", P"))S" one can conclude a.e.

convergence in Q7 of S" and P" if shows that the measure of the set
E={(z,t) € Qp: (u"(z,t),v"(2,t)) — (u,v) € ABUCD =R\ R},

is zero (AB and CD are segments on R denoted in Figure 5.2). But this follows from
the fact that for (z,t) € F one has |P"(x,t)| — +oco and therefore

/ |P"(z,t)|?dxdt > / |P"(x,t)|*dxdt — oo
Qr E

if |[E| > 0. This is in contradiction with Proposition 5.2 and, as a consequence |E| = 0. The
(5.85), (5.87) are proven, and (5.86) now follows. From pointwise convergence of S* and P"
the limits r, can be now identified as 1, = p, (P} (P, S))(1 = S), and ry = py (P} (P, 5))S.
Finally, the weak limit in (5.89) exists because of the bound (5.83). O

Using the convergence results in Proposition 5.4 and the boundedness of all nonlinear
coefficients, one can now pass to the limit as h — 0 in the variational equations (5.57),
(5.58) and find, for all @, € L*(0,T;V)

/0 L (@0,(7 (5. P)(1 — S)). o) + /Q A7 (S, PYKVP - Vip — A(S, PYKVS - Vgl dadt

— [ DuS)04(S, PP e T = (S, PIulS, P)Frpldnds

T

= [ oS P18 Frpduat,

T
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T
/ (®0,(p](S, P)S), )dt + / [A(S, PYKV P - Vib + A(S, PYKVS - Vi|dudt
0

T

- / N (S)1(S, PYKg - Vb — (S, P)f,(S, P)Fpldudt
Qr

= / PI(S, P)S* Fyipdadt.

T

From (A1), p, (P (S. P))S. pu(PU(S. P))(1-5) € L2(0. 7 H'(©) and (®p, (P} (S. P))S),
D (Ppw(PI(S, P))(1 = 5)) € L*(0,T; V"), it follows in a standard way that p,(P(S, P))S,
pulP(S, P))(1 — $) € C([0, T LX().

Using an integration by parts in the discrete and limit problems, with a test function

of the form ¥(z)p(t), v € V, p(0) =1, (T) = 0, w find

/0 (DO,(F"), V) (t)dt = — / Oy’ (t)dadt + /Q ry(so, po)ibde, (5.90)

T
/ (PO, ) p(t)dt = —/ Or b’ (t)dzdt + / Or, (S, P)(0)ydx. (5.91)

0 T Q
Passing to the limit as h — 0 in (5.90) and subtracting from (5.91) one get for all v € V/,

/@TQ(S, P)(O)wdx:/cbra(so,po)@bda:.
Q Q

Therefore, ,(S, P)(0) = r4(s0,po) for a € {w, g} a.e. in Q at t = 0. This concludes the
proof of Theorem 5.2.

5.4 Compactness Lemma

In this section a modification of a compactness result from [60] that is already used in

subsection 5.3.3 and will be used in section 5.5 is going to be proved.

Lemma 5.4. Let 2 be a bounded open set and Qp = Qx]0,T[. Let (r"),o be a family
of functions in L*(Qr) and let ® € L>()) be such that 0 < ¢,, < ®(z) < ¢py < 0. Let
V C HY(Q), dense in L*(Q) and 0 < 0 <1, p > 2. Assume that (r"),~o satisfy:
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o (1) is uniformly bounded in L*(0,T; WP (Q));
o (0(Pr"))nso is uniformly bounded in L*(0,T;V").

Then (r")nso is relatively compact in L*(Qr).
The proof is based on the following simple modification of Lemma 8 in [60].

Lemma 5.5. Let Q2 be a bounded open set, & € L>(Q) be such that 0 < ¢, < P(z) <
by < 00, V.C HYQ), dense in L*(Q) and 0 < o <1, p>2. Then

¥ >0, AN, Yo € WoP(Q),  [vll2i) < nllvllwer@) + N||@v]yr.

Proof. Note that L*(Q2) is continuously embedded in V' and that [[v]|;2@) # 0 implies
o]}y # 0. Set V,, = {v € L*(Q): ||[v]l2¢0) < 1+ n||®v][y+} is open in L*(2) and
grows when n — oo, such that L*(Q) = U,V,. Due to the boundedness of €, the unit
ball S C W7P(Q) is relatively compact in L*(Q2) and therefore there exists N such that
S C V. This yields

[0l 220 < nllollwer@) + N[ Pvllv,

for v € S, and by homogeneity for all v € WP(). O

Proof. (Lemma 5.4) Note first that (®r");~o is compact in L?(0,T;V’) by Theorem 3
(Corollary 1) in [60] since the embedding L*(Q2) C V' is compact (as transpose of compact
embedding V C L?(Q2)) and (®r");~¢ is bounded in L?(Qr).

Then, given £ > 0 there exists a finite subset (") such that for any r" there exists h;
such that ||®r" — ®phi

r2o,r;v7) < €. From Lemma 5.5 it follows

v rwesiay + N|@r" — &

2oz <l —r'

< nc+ Ne,

|7 — ol L2(0,T;V")

where ¢ is the diameter of (7)o in L2(0,T; WP(Q)). For given & > 0 take n = &'/2c
and e = ¢/ /2N, which gives ||r" —r"
compact in L*(Qr). O

1201220 < € and proves that (1), is relatively
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5.5 Proof of Theorem 5.1

In this section the passage to the limit as 7 — 0 in the regularized problem (5.54), (5.55)
will be performed. The dependence of the regularized solution on the parameter n from
now on will be denoted explicitly. In order to apply Theorem 5.2, the initial conditions sq
and po will be regularized with the regularization parameter 7 and by s and p{ regularized
initial conditions are denoted. One may obviously assume that sj — so and p] — po in

L*(Q) and a.e. in Q when 7 tends to zero.

Lemma 5.6. Let the sequence (S", P"), be defined by Theorem 5.2 for sufficiently small
n, is set P! = P1(S", P") and it is assumed S* = 1. Then the following bounds uniform
with respect to n hold true:

(P"),, is uniformly bounded in L*(0,T;V), (5.92)
(B"(S™)),, is uniformly bounded in L*(0,T;V), (5.93)
(vnVS™), is uniformly bounded in L*(Qr)%, (5.94)
(PO (pu(P)(1 — S™))),, is uniformly bounded in L*(0,T; V"), (5.95)
(0:(pg(P)S™))y is uniformly bounded in L*(0,T;V"). (5.96)

K
SD

Proof. Note that S* = 1 implies that the estimate (5.77) is uniform with respect to 7.
Estimates (5.92), (5.93) and (5.94) then follow from (5.77) since weak lower semicontinuity

of seminorms involved in (5.77) gives, after passage to limit as h — 0,

/(\VP"|2+!Vﬁ”(S")F)dxdtJrn/ V.S 2dudt

T T

<C | (|F)?+|Fp|* + 1)dxdt + / OH"(sq, po)de.
QT Q

As is already mentioned at the end of the proof of Proposition 5.2, the last integral in this

estimate can be bounded, independently of 7. For the last two estimates the equations
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(5.54), (5.55) are used. For ¢ € L*(0,T;V) is valid

T
| [ @0upu(s7 P15 00t < | [ [Na(Su)pu(Su RV P + 1S - Vipdade|
0 Qr

+] [ (SR (S, PT)*Kg - Vo — pil (5", P") fu,(S", P") Fppldxd|.
Qr

Since (5.92) and (5.93) imply that /A, (S7)V P! is uniformly bounded in L?*(Q7)¢ for
a € {w, g} it follows

T
I/ (@I (py, (57, PT)(1 = 57)), p)dt| < Cllglr203v)-
0

This proves (5.95) and (5.96) is proved in the same way. ]

Lemma 5.7. (Compactness result in the degenerate case) For every ¢ > 0 and for suffi-

ciently small ng > 0 the following set

EP = {(pu(P)(S, P))(1 = 5), pg(P](S, P))S): 0.<n < n,
| Pl 20v) < ¢, 187(9) 20,0y < ¢,
|0 (pu(PA(S, P))(1 = S)lz20mv1) + [|20:(pg (P (S, P))S)| L2071 < ¢}

is relatively compact in L*(Qr) x L*(Qr).

Proof. Recall that the inverse map of 3 is called S and also 8”7 = (37)~!. Let us introduce
the map G": [0, 57(1)] x R — RT x R*, (u",v") = G"(6, P) by

u”:pw(Pg(S,P))(l—S), Un:pg(Pgn(S,P»S, S:Sn(e)

For ¢« = 1,2 choose 6; € [0,5"(1)], P, € R and set S; = §"(0;). Assume 6 > 6, since the
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opposite case is treated in the same way. Now, it is valid that

(001, Pr) — v"(09, P2)| < [pg(P}(S1, P1))S1 — pg(FPy(S1, P2)) S|

+ 1pg(Pg(S1, P2)) St — pg(Py(S2, o)) S|

g
+1pg (P (52, P))(S1 — 52)
< [m}gxpg(P) mgxw"(sl, P) + QmEXpQ(P)] min(| P, — P, 1)

Sa
fu(s, Po) By(P(s)) ds| Si + max pg(P)|S5 — Si.

/
+ max Py(P) 5

So

; fu(s, Pa) By(Pi(s))ds

For the term X; = S1, in the case S; < Ss, it holds

Sa
X <2, / Nul8) Ry (P(5)) ds.
S

mPm i1

Since R, (P.(S)) < P.(S) for S > n, for Sy > S > S# > n it follows that

Sa
X, < Apﬂg / $hu(8)P!(s)ds < M;|S; — Ss,

where the last inequality follows from boundedness of A, (S)P/(S) on [S#,1[ (see (A.4)).
For S; < S5 <1 can be obtained

X, < PuAu g SQR P'(s))d
1= s L (Pl(s))ds

mPm 1

o 52 SQ
< PMAM 25, P.(n) — P.(0) / (1 B f) s+ AMPM S, P/ () / (25 B 1) ds
AnPm n i n PmAm RN
Aepur o, Pe(n) — P.(0) S\ 152 Ao o o) S? 52
—9 _ 2 P 2
PmAm, o1 o 2n ) ls * PmAm SiFe(n) n o Sy
/\ Pc - Pc 0 S + S / S + S
AmPm n 2n n
A , P.(n) — P,(0
< p)\MpMsl(SE = S)Pn) + 2_(0) ; ( >]

< |8y — S1|" [>TV Pl(n) + 2(P.(n) — P:(0))] < C|S2 — S1|”
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where (A.5) is used. Finally, for S €]n, S#|, using (5.15) in Remark 5.2 one obtains

PMAM % / _ PMAM 7
X1 S )\ P Sl Pc(s)ds = )\ P Sl(PC(SQ) — PC(Sl)) S C|Sg — Sl| .
mMm S1 mMm

The estimates obtained so far give for any 0 < 7 < 1
001, Pr) = v"(02, B)| < C(| Py = 1|7 +[87(62) = S"(61)"),
where C' is independent of 7, and from Remark 5.7 it follows
[0"(01, P1) — 0" (02, Py)| < C(| Py — Pi|™ + |62 — 61]™), (5.97)

where 77 = 7y and the exponent 7 is given in (A.8). For the function u” assume 6y > 6.

The opposite case is treated in the same way.

[u (02, Po) — u"(01, P1)| < |(pw(P2(S2, P2)) — puw(Ph(S2, P1)))(1 — Sa)|
+ [(pw (PRS2, P1)) — pu(P2(S1, P1))) (1 — Sa)|
+ | pw (P (S1, P1))(S2 — S1)

This gives

[u?(0g, Py) — u" (61, P1)| < [m}gxp;}(P) m}z}xw”(Sg, P) + 2mlgx pw(P)] min(|P, — Py, 1)

Sa
+max pi, (P)] . fo(s, Pr)Ry(Pe(s)) ds|(1 — S2)

+ m}e)xxpw(P)|Sg — 51

In order to estimate the middle term, (5.16) is used. Since R,(P.(S)) < P.(S) for S >
S# > n, for Sy > S; > S# is obtained
Sa

| . fo(s, Pr)Ry(F(s)) ds|(1 = 52) < e

(Pe(S2) = Pe(S1))(1 = 53) < Ch[ Sy = Sil7,
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by (5.16). For all Sy, S, € [n, S| it follows that

So
| MR s ds| < €l = sil,
S

1

for some constant C, since A,(S)P.(S) is bounded in |0, S#[. For S; < Sy < 7, where
R, (P/(S)) and P.(S) are not the same, one has to consider only the case where P.(S) has
a singularity at S = 0. Then, in sufficiently small neighborhood of S = 0, P”(.S) must be

negative and therefore P!(n) < (P.(n) — P.(0))/n. Then it follows that

So Sa
] Jo(s, P1)R,(P.(s))ds| < pr )\g(n)‘/s R,(P.(s))ds

) AmPm

o (D (ol ()
_ MMy o Pelm) = Pe0) (0 s\ % Peln) = P0) | (52 )|
- AZAZmA (77 ch(n) _pfm) ( 277) Sl_ S, +5277 S, SZQ ) i )
= e T (S (2 (1 21 )+ 0 1D
< AL (S, = SO () (Pon) = PO/
= L (1) (52 = Si) (52 = $1)' 7™ (Pa(n) = P(O)

< CAg(n)(S2 = S1)"n" "y~ (Pu(n) — P:(0))
= C|S5 = S11"n " Ag(n)(Pe(n) — Po(0)) < C1Sy — Sy

where in the last inequality (A.5) is used.Therefore, a constant C', independent of 7 can be

found, such that for any 0 < 7 < 1
(01, P1) — u"(02, P2)| < C(|P — A" 4 |S"(62) — S"(61)]),
and ((A.8)) and Remark 5.7 give for 7 = 7
(01, Pr) — u"(0, Py)| < C(|Py — Po|™ + (02 — 04]™). (5.98)

Now, taking 0 < r < 1 and using the Hélder continuity (5.97) and (5.98), one obtains for
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o=rr and p = 2/7 (see [43] for details)
1wl oo,z wow (@) + 17| oo mwen )
< CUIPIZ2 o msm () + 10 20751 () + 1)

From the definition of the set E. it follows that
||U17||LP(O,T;W07P(Q)) + ||Un||Lp(0,T;Ww(Q)) <,

for some constant C'. Applying Lemma 5.4 to (u") and (v") one gets that E, is relatively
compact in L*(Qr) x L*(Q7). O

Remark 5.9. The compactness result in Lemma 5.7 can also be obtained in a “smaller”

space, namely in L*(0,T; W™ P(Q)), for 7' <rrm, p=2/m.

Lemma 5.8. (Strong and weak convergences) Up to subsequences the following convergence
results hold for (0"),, 0" = 37(S") and (P"),:

P" — P weakly in L*(0,T;V) and a.e. in Qr, (5.99)
0" — 0 weakly in L*(0,T;V) and a.e. in Qr, (5.100)
ST — S(0) a.e. in Qr, (5.101)
PO, (pu(Py(S", PT))(1 = 5")) = @0;(pw(Pu(S(0), P))(1 — S5(0))) (5.102)

weakly in L*(0,T; V")
DOy (py(PI(S™, P"))S") — ®0,(pg(Py(S(0), P))S(6)) weakly in L*(0,T;V").  (5.103)

Moreover, 0 < 0 < (1) a.e. in Qr.

Proof. The uniform estimates (5.92) and (5.93) give the weak convergence results (5.99)
and (5.100). Lemma 5.7 ensures, up to a subsequence, the following strong convergence

results,

pu(P(S", P"))(1 — S") — 1, in L*(Qr) and a.e. in Qr
pg(PI(S", P")S" — 1y in L*(Qr) and a.e. in Qr.
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The following decomposition is used:

Ppu(Lh(S", PT))(1 = 5") = (pu(PI(S", P")) = pu(Pu(S7, P7)))(1 = S57)
+ pu(Pu(S™, PT))(1 = 57),

and a similar one for p,(P(S", P"))S". From the uniform convergence in Lemma 5.3 it
follows that

pu(Pu(S", PM)(1 = S") — 1, in L*(Qr) and ae. in Qr
pg(P,(S", P")S" — 1, in L*(Qr) and a.e. in Qr.

One can now prove, as in Proposition 5.4, that P" — P and S" — S a.e. in QJ7, where
P is the weak limit in (5.99). Note also that 7 = 57(S") — [((S) a.e. in Qr due to the
uniform convergence of 57 — [ in Lemma 5.3. Now, from the weak convergence (5.100)
this limit £(9) is the same as the limit 6 in (5.100).

Now the limits r,, and 7, can be identified and the convergence in (5.102) and (5.103)

is a consequence of the bounds given in Lemma 5.6. ]

Let us take a test function ¢ € C*([0,T]; V) such that ¢(T) = 0 and make integration
by parts in (5.54). From (5.31), (5.5) and (5.36) if follows that

A(ST, PNV ST = A(S", PT)NVET(ST) +nV.ST,
and therefore

- / Dol (ST, P1)(1 — S)ypdadt

T

+ / [A7(S7, PYKVP" - Vi — A(S", PNYKV6" - V| dudt

- / M (S7)p, (S, P")*Kg - Vo — pi(S", P") fu(S7, P") Fpyldudt

T

[ RV Vst = [ gyt (1~ st)o(0)ds
Qr Q

Pointwise convergence and boundedness of the coefficients allow to pass to the limit as

17 — 0 in all nonlinear terms. The penalization term goes to zero because of (5.94) and

all other coefficients converge due to pointwise convergence in Lemma 5.8 and uniform
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convergence in Lemma 5.3. Thus, it is valid that

- / $p, (S, P)(1 — S)0ypdxdt + / [Aw(S, P)KVP -V — A(S, P)KVE - Vy|dxdt

T T

- / M(9)pw(S, P)’Kg - Vo — pu(S, P) fu(S, P)Fpypldadt

T

— [ pulon )1~ s0)p (0
Q
where S = §(f). In the same way one gets for all ¢ € C1([0,7]; V) such that ¢(T) =0

- / ®p, (S, P)SOdt + / [Ay(S, PYKV P - Vi) + A(S, PYKVE - Vp|dadt

T T

- / M (S)py(S, P)’Kg - Voo — p, (S, P) f,(S, P)Fpy|drdt

T

~ [ nfs. Pzt + [ (o0, p0)sor s
T Q

Using the fact that the functions ®p, (S, P)S and ®p,, (S, P)(1—S) belong to C([0,17; V')
and by an integration by parts, one easily concludes that the initial condition is satisfied

in V', This completes the proof of Theorem 5.1.

5.6 Conclusion

An existence result for the weak solutions of the coupled system under realistic assumptions
on the data was established. The hypotheses required for some earlier results on immiscible
compressible systems are weakened so that only physically relevant assumptions are made.
In particular, the results cover the cases of a singular capillary pressure function, and

discontinuous porosity and absolute permeability tensors.



114

Chapter 6
Conclusion

With the motivation of making the coupling of the derived equations (2.39)-(2.41) less
strong, and giving the system a well defined mathematical structure, a new immiscible
compressible two-phase flow model based on the concept of global pressure is introduced
in this thesis. The system is written in a fractional flow formulation, which consists of
a nonlinear parabolic equation (the global pressure equation) and a nonlinear diffusion-
convection one (the wetting phase saturation equation). In order to make the problem
solving more tractable, another model is discussed as well: a simplified fractional flow
model. In this model, further simplifications are performed, so that the phase pressures are
replaced by the global pressure in the calculation of the mass densities, where applicable.
This model was introduced in [25], and, in this thesis, additional slight modifications are
introduced into this model in order to make it more applicable.

A comparison between the fully equivalent model and the simplified model is made.
The comparison reveals that the simplified model can be safely used in applications where
mean field pressure is high, capillary pressure is low and the wetting phase is not highly
compressible. This is the case in oil-gas systems, so the simplified model may be used for
such systems. On the other hand, the analysis reveals that the simplification may not be
appropriate for hydro-geological applications where capillary pressures are very high, like
the numerical test case 2 presented in chapter 4.

The above conclusions are verified by means of numerical simulation performed for a
simple heterogeneous one-dimensional test case where the wetting phase is an incompress-
ible fluid. The simulation reveals that the difference in the phase pressures, in particular,
in the new and the simplified model may be significant.

In order to validate the new model, it is tested on the numerical test cases [52], and the
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obtained results in the test case 2 are similar to those obtained by other authors [5,14]. This
confirms that the model is applicable in the situations with high capillary pressures, and in
highly heterogeneous porous media. Test case 3 shows its applicability in the simulations
with initially fully saturated porous media by the wetting phase.

Furthermore, the existence result for the weak solutions of the coupled system under
realistic assumptions on the data is established. While results on immiscible compressible
systems already exist, the major difference of this work to the earlier results is that the
required hypotheses are significantly weakened, so that only physically relevant assump-
tions are made. In particular, the presented results cover the cases of the singular capillary
pressure function, and the discontinuous porosity and absolute permeability.

A suggestion for further work is to extend the existence results presented here towards
porous media with several rock types. In these cases the capillary pressures and relative
permeabilities curves are different in each type of porous media, which introduces nonlinear
transmission conditions resulting from the continuity of the physical quantities at the
interfaces separating different media. Another direction of suggested future research is

extending the numerical simulation cases to higher dimensional problems.
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Appendix A

Implementation of the Coefficients in
the Two-phase Flow Model

In this appendix, the basic manipulations of the coefficient formulae in two different mod-
els are presented. Subsequently, an overview of the practical implementation of these

coefficients is explained.

A.1 Coefficients in Fractional Flow Formulations

Before explaining the fractional flow coefficients implementation, one should be aware that

they are obtained by algebraic manipulations of the following functions:

e Two-phase flow functions: capillary pressure (P.(S,)) and relative permeabilities
(krw(Sw), krg(Sw))-

o Fluid properties: jiy, ptg and py,(Py), pg(Py), where the density of the phase o depends

on its own pressure.

For the sake of simplicity, in this appendix coefficients are assumed to depend on wetting

phase saturation. The coefficients entering the equations (2.39)-(2.41) can be written in
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the following general form:

Aa(Sw) = krifsw), a=w,g (A.1)
A(Sw, by, Py) = pu(Puw) o (Sw) + P9<Pg))‘g<sw) (A.2)
_ Pa(Pa)Xa(Sw) _
fa(Sw, Py, Py) = )\(Sm—]m, a=w,g, (A.3)
. (Aw(5w>pw(Pw)2 + /\g(Sw)pg(Pg)2>
p(Sw, Py, Py) = NS, Ty, P) , (A.4)
. Pw(Pw)pg(Pg))‘w(Sw))‘g(Sw>
a(Sy, Py, Py) = MSu, Py, P) , (A.5)
by(Sw, Py, Puw) = (pu(Puw) — pg(Fy))a(Sw, Py, Pu), (A.6)
a(Sw, Py, Py) = —a(Sw, Py, Py)Pi(Sy) (A.7)

Therefore, the coefficients in the (S, P,) formulation given by the equations (2.39)-(2.41)
are obtained by setting P, = P, — P.(S,,) in (A.1)-(A.7), and in that case they are assumed
as functions dependent upon the variables S, and F,.

When the fully equivalent fractional flow formulation, introduced in the chapter
3, is used, the coefficients are calculated from (A.1)-(A.7) by setting P, = Py(Sy, P)
P, = P,(Sy, P) = Py(Sw, P) — P.(Sy), where P is the global pressure. Naturally, here
the formula for P,(S,,, P) needs to be provided, which can be obtained as a solution of the
initial problem (3.14). Also, to complete the list of the coefficients entering the equations
(3.23)-(3.25) one needs to know how to calculate the function w(S,, P), which is given by
the equation (3.22).

When the simplified fractional flow formulation is used, it is assumed that the
density of each phase depends on the global pressure, instead of its own phase pressure so
when the calculation of the coefficients is done in the simplified model one needs to set
P, = P, = P in the coefficients (A.1)-(A.7). The function w(S, P) is given by (3.45). After
the equations are solved numerically, the calculation of the phase pressures is required. This

can be performed by applying the numerical integration and using (3.30).

A.2 On the Implementation of the Coefficients

The coefficients are implemented as C++ classes, defined for each of the fractional flow

formulations. Figure A.1 shows the classes UML diagram.
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FractFlowFunBase

ParametersBase

T

FractFlowFun<TPEFP>|  _pr Parameters<A,B>
— g

GPSimplFractFlow GPExactFractFlow

Fun <TPFFP> Fun<TPFFP>
-table -table
-table GlobalTables
-table
GlobalSimplTables GlobalExactTables
<TPF,FP> <TPFFP>

Figure A.1: UML diagram for the coefficients

The implementation is centered on the FractFlowFunBase class. This is the base class
providing an interface for the two-phase flow (TPF) and fluid properties (FP) functions.

All the coefficients implementations take two arguments:
e Wetting phase saturation (that can be switched to capillary pressure)
e Pressure.

In this class, all the coefficients are defined as pure virtual functions.

The class StaticFractFlowFun is an auxiliary class used to implement formulae for
the coefficients (A.1)-(A.7) and their partial derivatives as static functions. It is written
as a template parametrized by the classes implementing TPF and FP. It contains all the
coefficients, as the FractFlowFunBase class. For this class, note that the relevant functions
had to be implemented as static, because of the requirements of GSL library [45] used in
GlobalExactTables class.

The class FractFlowFun inherits the abstract class FractFlowFunBase. This class is

implemented as a template parametrized by the TPF and FP classes. The pure virtual
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functions from the abstract FractFlowFunBase class are implemented here as virtual func-
tions, depending on the wetting phase saturation and the nonwetting phase pressure as is
presented in the formulae (2.33)-(2.37). These functions subsequently rely on the functions
implemented in the classes TPF, FP and StaticFractFlowFun. So, the coefficient func-
tions in the FractFlowFun<TPF,FP> class are implemented by calling the functions from
StaticFractFlowFun class taking as arguments wetting phase saturation and the values
of the virtual functions P,_(S,P) and P,,_(S,P), which will be defined separately for each
class inheriting the FractFlowFun<TPF,FP> class. In the class FractFlowFun<TPF, FP> is
set to be

P.(S,P) =P (A.8)
P, (S,P) = P — P.(S), (A.9)

s0, here the unknown P is assumed to be the gas pressure.

The class FractFlowFun<TPF,FP> also contains an object pr of the type Parameters.
This object provides the parameters for the TPF and FP classes. As an example of the
required parameters, van Genuchten’s functions require parameters: Pr, n, residual satura-
tion of wetting and nonwetting phase and the parameters for linearization of the capillary
pressure. The task of the Parameters object is to store all the required parameters.

The GPExactFractFlowFun<TPF,FP> clas inherits the FractFlowFun<TPF,FP> class.
This class implements the coefficients for the fully equivalent global pressure formulation.

The following is set:

Pn_(S,P) = P4(S,P) (A.10)
Pw_(S,P) = P¢(S,P) — P.(S). (A.11)

The nonwetting phase pressure P, (S, P) and the function w(S, P) are calculated from the
object table of the type GlobalExactTables<TPF,FP>.

The GPSimplFractFlowFun<TPF,FP> inherits the class FractFlowFun<TPF,FP> by set-
ting:

P..(S,P)=P (A.12)
Pw_(S,P) =P. (A.13)

This class implements the coefficients for the simplified global pressure fractional flow for-
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mulation. The nonwetting phase pressure P, (S, P) and the function w(S, P) are calculated
from the object table of the type GlobalSimplTables<TPF,FP>.

The class GlobalExactTables<TPF,FP> implements a look-up table for the values of
P,(S, P). For each value of the global pressure vector in a certain range (values ranging
from P, t0 Praz), Py(u, P) is calculated as a solution of the initial problem (3.15). The
calculation is performed by using a GSL ODE solver. This class also provides a table of
values for the functionw(S, P). The function P,(S, P) and w(S, P) are calculated from the
corresponding tables by linear interpolation.

The class GlobalSimplTables<TPF,FP> performs the equivalent task for the simplified
coeflicients case - it provides the calculation of P, (S, P). The difference is that, in this
case, the tables are obtained by numerical integration.

The function of these two classes storing the tables is to calculate the required values
only once at the beginning of each numerical simulation. When required in the later phase,
the values are only looked up in the tables. For a large pressure range, this is obviously a
very memory-intensive task.

The TPF classes contain relative permeabilities functions, capillary pressure and their
derivatives. Currently, the implemented classes are VanGenuchtenFun, BrooksCoreyFun,
SimpleFun (k7 (Sw) = S2,kry(Sy) = (1 — Sy)?%, Pe(Sy) = Pr(1 —S,)). The variable in
TPF class can be switched to the capillary pressure or the wetting phase saturation, so
consequently all the coefficients can depend either on the wetting phase saturation or on
the capillary pressure.

The examples of the FP classes are class FluidCompress which models densities as
exponential functions, and FluidCompInc which models flow of water and gas (the density

is given by the gas ideal law).
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Summary

In petroleum engineering and environmental engineering, many processes can be mathe-
matically modelled as multiphase fluid flow in porous media. Carbon dioxide sequestration
and long-term nuclear waste storage are examples of such processes.

This thesis studies immiscible compressible two-phase fluid flow in porous media. Such
flows can be modelled by a set of partial differential equations. Multiple formulations
and main variable selections are possible, and the choice of the formulation and the main
variables strongly influences the PDEs system mathematical analysis and its solving by
means of numerical methods.

In this thesis, a new formulation for modelling immiscible compressible two-phase flow
in heterogeneous porous media is developed and studied. For each phase, the governing
equations describing this type of flow are given by the mass balance law and Darcy-Muscat
law. This original system of nonlinear evolutionary partial differential equations is trans-
formed, using the concept of global pressure, to a system of PDEs which is more suitable
for mathematical and numerical studies. The new model is fully equivalent to the starting
one.

In order to make the problem solving more tractable, another model is discussed as well:
a simplified model. In this model, further simplifications are performed where applicable:
in the fractional flow formulations, phase pressures are replaced by the global pressure in
the calculation of the mass densities. This model was introduced in [25], and an updated
version is used in the scope of this thesis.

A numerical code based on the vertex centered finite volume method is developed. A
comparison of the new model with the simplified fractional flow formulation is performed
in two ways: by means of numerical simulations and by comparing the coefficients. The
comparisons reveal that the simplified model can be used safely in applications where
mean field pressure is high, capillary pressure is low and the wetting phase is not highly

compressible.



In the presentation of the numerical simulations, a special attention is paid to the
numerical treatment of highly heterogeneous media (multiple rock types) by the vertex
centred finite volume method. The model is validated by numerical simulations on the
benchmarks proposed by the French research group MoMaS. The benchmarks are related
to the flow of water (incompressible) and gas such as hydrogen (compressible), concerning
the gas migration through engineered and geological barriers for the deep repository of
radioactive waste.

In the thesis, the existence result for the new formulation for two-phase compressible
flow under realistic assumptions on the data is established. While earlier existence results
on the existence of immiscible compressible systems are known, as in [44, 48], the major
difference of the work presented to the earlier results is that the required hypotheses are
significantly weakened, so that only physically relevant assumptions are made. In particu-
lar, the results presented cover the cases of a singular capillary pressure function, and the

discontinuous porosity and absolute permeability tensors.
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Sazetak

U naftnom inzenjerstvu i ekoinzenjerstvu cesti su procesi koji se mogu matematicki mod-
elirati visefaznim protokom fluida kroz poroznu sredinu. Primjeri mogu biti procesi kod
odlaganja nuklearnog otpada, podzemno spremanje ugljicnog dioksida i sli¢no.

Doktorska disertacija razmatra dvofazni tok nemjesivih kompresibilnih fluida u poroznoj
sredini. Ovakav se tok modelira sustavom parcijalnih diferencijalnih jednadzbi, pri cemu je
moguce vise formulacija i odabira glavnih nepoznanica sustava. Odabir glavnih varijabli i
formulacija sustava jednadzbi snazno utjece na matematicku analizu dobivenog problema
i odabir numerickih metoda za njegovo rjesavanje.

U disertaciji se razmatra nova formulacija modela dvofaznog toka nemjesivih kompre-
sibilnih fluida u heterogenoj poroznoj sredini. Osnovne jednadzbe koje opisuju nemjesivi
viSefazni tok proizlaze iz zakona oCuvanja mase za svaku od faza te Darcy-Muscatovog za-
kona. Pocetni sustav nelinearnih evolucijskih jednadzbi transformira se pomoc¢u koncepta
globalnog tlaka. Cilj transformacija je postizanje bolje matematicke strukture sustava, pri
¢emu je nova formulacija potpuno ekvivalentna pocetnoj.

Nadalje, razmatra se pojednostavljena formulacija navedenog modela. U ovoj se formu-
laciji koristi aproksimacijska hipoteza da gustoce pojedinih fluida (faza) ovise o globalnom,
a ne o faznom tlaku. Pojednostavljeni model zasnovan na konceptu globalnog tlaka uveden
jeu [25]. U ovoj disertaciji razmatra se izmijenjena inacica tog modela. Kako pojednostavl-
jeni model predstavlja aproksimaciju originalne zadace, primjena tako izvedenog modela
je ogranicena. U sklopu disertacije razmatra se primjenjivost pojednostavljenog modela.

U okviru izrade disertacije implementiran je i numericki kod baziran na metodi kona¢nih
volumena s centrima u vrhovima mreze, te je u referentnom testu provedena usporedba nove
i pojednostavljene formulacije. Usporedba pojednostavljene i nove formulacije provedena je
na temelju koefcijenata jednadzbe i na temelju numericke simulacije. Rezultati usporedbe
otkrivaju kako se pojednostavljeni model moze koristiti u primjenama gdje je srednji tlak

visok, kapilarni tlak malen te vlazeca faza nije jako kompresibilna.



Prilikom numerickih simulacija, poseban je naglasak stavljen na tretiranje heterogene
porozne sredine s jakim kontrastima (porozna sredina sastavljena od vise materijala) prim-
jenom metode konacnih volumena s centrima u vrhovima mreze. Novi model provjeren je
na referentnim testovima koje je predlozila francuska istrazivacka grupa MoMas. Refer-
entni testovi razmatraju tok vode i plina, uglavnom vodika, vezano za migraciju plina kroz
umjetne i geoloske barijere i usmjereno na dugorocno skladistenje nuklearnog otpada.

U radu je prikazana i egzistencija slabog rjesenja za model dvofaznog nemjesivog toka
u formulaciji globalnog tlaka, s realisticnim pretpostavkama na ulazne podatke. Ranija
istrazivanja vezana za egzistenciju slabog rjesenja nemjesivog dvofaznog kompresibilnog
toka u poroznoj sredini su razmatrana i u radovima drugih autora (npr. [44,48]). No,
u tim radovima primijenjene su izuzetno jake pretpostavke na oblik kapilarnog tlaka, ili
je pokazana egzistencija aproksimacijskih modela. U sklopu ove disertacije, egzistencija
je prikazana uz znacajno oslabljene i fizikalno opravdane ulazne pretpostavke, Prikazani
rezultati pokrivaju slucaj neogranicenog kapilarnog tlaka te dopustaju diskontinuitete u

poroznosti i permeabilnosti.
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