WEAK SOLUTIONS TO THE LANDAU-LIFSHITZ-MAXWELL
SYSTEM WITH NONLINEAR NEUMANN BOUNDARY
CONDITIONS ARISING FROM SURFACE ENERGIES

GILLES CARBOU, PIERRE FABRIE, AND KEVIN SANTUGINI

ABSTRACT. We study the Landau-Lifshitz system associated with Maxwell
equations in a bilayered ferromagnetic body when super-exchange and sur-
face anisotropy interactions are present in the spacer in-between the layers.
In the presence of these surface energies, the Neumann boundary condition
becomes nonlinear. We prove, in three dimensions, the existence of global
weak solutions to the Landau-Lifshitz-Maxwell system with nonlinear Neu-
mann boundary conditions.

1. INTRODUCTION

Ferromagnetic materials are widely used in the industrial world. Their four main
applications are data storage (hard drives), radar stealth, communications (wave
circulator), and energy (transformers). For an introduction to ferromagnetism,
see Aharoni[2] or Brown[5].

The state of a ferromagnetic body is characterized by its magnetization m, a
vector field whose norm is equal to 1 inside the ferromagnetic body and null outside.
The evolution of m can be modeled by the Landau-Lifshitz equation

om

ot
where hio; depends on m and contains various contributions. In particular, in this
paper, hio includes various volume and surface energy densities, among which the
solution to Maxwell equations and several surface terms such as super-exchange
and surface anisotropy.

F. Alouges and A. Soyeur[3] established the existence and the non-uniqueness of
weak solutions to the Landau-Lifshitz system when only exchange is present, i.e.
when hyoy = Am, see also A.Visintin [14]. S. Labbé [8, Ch. 10] extended the
existence result in the presence of the magnetostatic field. In the absence of the
exchange interaction, J.L. Joly, G. Métivier and J. Rauch obtain global existence
and uniqueness results in [7]. G. Carbou and P. Fabrie [6] proved the existence
of weak solutions when the Landau-Lifshitz equation is associated with Maxwell
equations. K. Santugini proved in [12], see also [11, chap. 6], the existence of
weak solutions globally in time to the magnetostatic Landau-Lifshitz system in

= *m/\htot - ozm/\(m/\htot),
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the presence of surface energies that cause the Neumann boundary conditions to
become nonlinear. In this paper, we prove the existence of weak solutions to the full
Landau-Lifshitz-Maxwell system with the nonlinear Neumann boundary conditions
arising from the super-exchange and the surface anisotropy energies. In addition,
we address the long time behavior by describing the w-limit set of the trajectories.

The plan of the paper is the following. In §2, we introduce several notations we
use throughout this paper. In §3, we recall the micromagnetic model. In §4, we
state our main theorems. Theorem 2 states the global existence in time of weak
solutions to the Landau-Lifshitz system with the nonlinear Neumann Boundary
conditions arising from the super-exchange and the surface anisotropy energies.
Theorem 4 describes the w-limit set of a solution given by the previous theorem.
In §5, before starting the proofs, we recall technical results on Sobolev Spaces. We
prove Theorem 2 in §6 and Theorem 4 in §7.

Notation Throughout the paper, |-|| denotes the euclidean norm over R? where
d is a positive integer, often equal to 3. We denote by - the associated scalar
product. The L? norm over a measurable set A is denoted by ||| 2(4)-

2. GEOMETRY OF SPACERS AND RELATED NOTATIONS

In this paper, we consider a ferromagnetic domain with spacer. We denote by
) = BxZ this domain, where B is a bounded domain of R? with smooth boundary
and Z =] — L™,0[{U]0, LT[ where L* and L~ are two positive real numbers.

On the common boundary I' = Bx{0} (the spacer), ' is the trace map from
above that sends the restriction mpyjo,r+[ to vTm on I', and v~ is the trace
map from below that sends the restriction mpy)_- o to y"m on I'. To simplify
notations, we consider I' has two sides: I't = Bx{07} and T~ = Bx{0~}. By I'*,
we denote the union of these two sides 't UT'~. In this paper, integrating over I'*
means integrating over both sides, while integrating over I' means integrating only
once. On T't, 7 is the map that sends m to its trace on both sides. The trace map
~* is the trace map that exchange the two sides of I': it maps m to y(m o s) where
s is the application that sends (z,y, z,t) to (z,y, —z,1).

For convenience, we denote by v the extension to {2 of the unitary exterior normal
defined on I'*, thus v(z) = —e, if z > 0 or if & belongs to I'", and v(x) = e, if
z < 0 or if  belongs to I'".
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In this paper, H*(Q2) denotes H'(Q;R?), and L?(Q) denotes L2?({2;R?). By
C(92), we denote the set of C* functions that have compact support in 2. By

C([0,T)xQ), we denote the set of C>° functions that have compact support in
[0, T]xQ.

3. THE MICROMAGNETIC MODEL

In the micromagnetic model, introduced by W.F Brown[5], the magnetization
M is the mean at the mesoscopic scale of the microscopic magnetization. It has
constant norm M, in the ferromagnetic material and is null outside. In this paper,
we only work with the dimensionless magnetization m = M /M.

The variations of m are described by a phenomenological partial differential
equation introduced in Landau-Lifshitz [10], the Landau-Lifshitz equation:

om

ot
where the magnetic effective field hyot is derived from the micromagnetic energy.
This energy is the sum of several contributions. Its minimizers under the constraint
|lm|| = 1 are the steady states of the magnetization. Let us describe now the
contributions of the energy.

= —m/\htot — am/\(m/\htot)7

3.1. Volume energies.

3.1.1. Exchange. Exchange is essential in the micromagnetic theory. Without ex-
change, there would be no ferromagnetic materials. This interaction aligns the
magnetization over short distances. In the isotropic and homogenous case, the
exchange energy may be modeled by the following energy

A
Eelm) = 5 [ [VmlPda.

where the constant A is called exchange coefficient and depends on the material.
The associated exchange operator is H.(m) = —A A m.

3.1.2. Anisotropy. Many ferromagnetic materials have a crystalline structure. This
crystalline structure can penalize some directions of magnetization and favor others.
Anisotropy can be modeled by

where K is a positive symmetric matrix field. The associated anisotropy operator
is Ho(m) = —Km.

3.1.3. Mazwell. This is the magnetic interaction that comes from Maxwell equa-
tions. The constitutive relations in the ferromagnetic medium are given by:

B = MO(h +m)7
D = gqe,

where m is the extension of m by zero outside 2, and where py and gy are the
vacuum permeability and permittivity..
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Starting from the Maxwell equations, the magnetic excitation h and the electric
field e are solutions to the following system:
O(h +m)
po———F5——
ot
de

Hogy +o(e+ f)lg —curlh =0,

where o > 0 is the conductivity of the material and f is a source term modeling an
applied electric field.

As these are evolution equations, initial conditions are needed to complete the
system. The energy associated with the Maxwell interaction is

+ curle =0,

1 €0
Emaxw(h;e) = §||hH]%2(]R3) + %”e”]%ﬁ(R:‘)

We recall the Law of Faraday: div B = 0. Here, the constitutive relation reads
B = ug(h +m). Therefore, in order to satisfy the law of Faraday, we must assume
that it is satisfied at initial time. For positive times, by taking the divergence of the
first Maxwell’s equation, we remark that the divergence free condition is propagated
by the system.

3.1.4. Volumic effective field. The volumic effective field is the sum of the previous
volumic contributions:

h'l=h —Km + AAm. (3.1)

3.2. Surface energies. When a spacer is present inside a ferromagnetic material,
new physical phenomena may appear in the spacer. These phenomena are modeled
by surface energies, see M. Labrune and J. Miltat [9].

3.2.1. Super-exchange. This surface energy penalizes the jump of the magnetization
across the spacer. It is modeled by a quadratic and a biquadratic term:

J _ . _ .
Buclm) = 5 [ |97 m =y mlPas(@) + 1 [ yrmaymifs@. (2
The magnetic excitation associated with super-exchange is:
Hse(m) = (Jl (y'm —ym) + 2z ((ym - v*m)y*m — IIV*mHQVm))dS(F+ ur”),

where v* is defined in §3. Integration over dS(I'" UT'™) should be understood as
integrating over both faces of the surface I'.

3.2.2. Surface anisotropy. Surface anisotropy penalizes magnetization that is or-
thogonal on the boundary. In the micromagnetic model, it is modeled by a surface
energy:

Ega(m)

K o, K .
5 [ hmavipas@) + 5 [ lymaviPasia)
2 Jrs 2 Joo

(3.3)
K
_ K / [ymAv|2dS(@).
2 r+
The magnetic excitation associated with surface anisotropy is:

Hea(m) = Ky ((ym - v)y —ym)dS(THUT™).
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3.2.3. New boundary conditions. Without surface energies, the standard bound-
ary condition is the homogenous Neumann condition. When surface energies are
present, the boundary conditions are the ones arising from the stationarity condi-
tions on the total magnetic energy:

0
A’ym/\a—m = K;(v-ym)ymAv + JiymAy*m + 2Jo(ym - v m)ymAy*m
v

on the interface I'*. A more convincing justification for these boundary conditions
is that they are the ones needed to recover formally the energy inequality. These
boundary conditions are nonlinear.

4. THE LANDAU-LIFSHITZ SYSTEM

We consider the following Landau-Lifshitz-Maxwell system:

om

T —mARYS — amA(mARYS) in RT x Q, (4.1a)
m(0,-) = mg on €, (4.1b)
[m| =1in RT x Q, (4.1c)
om o on o0\t (4.1d)
ov ’ '
om Ks
R 7('/ -ym)(v — (v - ym)ym)
J * *
+ Zl(v m — (ym -y m)ym) (4.1e)
+ Q%Wm A'm)(y'm — (ym - y'm)ym) on RY x T'F,
where hY! is given by (3.1) and (e, h) is solution to Maxwell equations:
Y (
#0% +curle =0 in RT x R, (4.2a)
so%wLa(equ)]lQ—curlh:Oin RT x R3, (4.2b)
e(0,-) = eg in R, (4.2¢)
h(0,-) = ho in R. (4.2d)

We first begin by defining the concept of weak solution to the Landau-Lifshitz-
Maxwell system with surface energies. This concept of weak solutions is present
in [3, 6, 8, 12]. The key point is that the Landau-Lifshitz equation (4.1a) is formally
equivalent to the following Landau-Lifshitz-Gilberg equation:

om om vo
E — am/\ﬁ = —(]. + a2)m/\htog,

which is more convenient to obtain the weak formulation defined by:

Definition 1 (Weak solutions to Landau-Lifshitz-Maxwell with surface energies).
Let m be in L°°(]0, +-00[; H'(Q2)), let e and h be in L>°(R*;L?(R3)). We say that
(m, e, h) is a weak solutions to the Landau-Lifshitz Maxwell system with surface
energies if
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(1) ||m]| = 1 almost everywhere in ]0, T[x€2.

om
2) 2 € L*(RTxQ).
(3) For all T > 0 and ¢ in H'(]0, T[x),
// (t x) - ¢(t, x)dedt — a < t :13)) - (t, x)dxdt
0,T[xQ 3t o T[xQ

( m)) gz(t x)dxdt

a5 (mivs

+(1+a?) / / (m(t, ) K (z)m(t, z)) - p(t, )dadt
10,T[x 2

~ (1 +a?) / /0 g UL V(L 2) 60,2

— (14 oK, //0 _— (v - ym)(ymAv) - ypdS(z)dt

—(1+a®)a //]0 i (ymAY M) - ypdS(2)dt

21 [[ meym)marm) - 6ds(@)dr
(4.3a)

(4) In the sense of traces, m(0,-) = my.

(5) For all 9 in C°([0, +00[xR3):

— 1o // (h+m)- 8ipd%’dt + // e - curl ¢pdaxdt
Rt xR3 ot R+ xR3
= Mo /3(h0 + m()) - poda (4.3b)
R

(6) For all © in C2°([0, +oo[xR3):

00
—50// e-: —dmdt—// h-curl@dwdt—i—a// (e+ f) - Odxdt
Rtxgs Ot R+ xR3 R+ %0

= 50/ ey - Opdx. (4.3¢)
RS

(7) The following energy inequality holds for almost all T' > 0,

2
dadt
ot || “*

E(m(T)7 h(T), e(T)) + 1—37042 //]o T[xQ

T
[ leladt+ = [[ e fdndt < Blmo,ho,eo),
Mo Jo Ho J J1jo,T[xQ

(4.3d)
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where

B(m, h, e) = ‘;/Q||Vm||2dz + %/Q(K(ac)m(sc))  m(z)dz

€ 1 K
+ =2 / lle()|* + 7/ |h(x)|* + —s/ |y tmAv|2dS(x)
2,uo R3 2 R3 2 r+ur—

J - _
+?1/||7+m—7 mHQdeFJQ/IIWmM m|*dz.
T N

Our first result states the existence of a global in time weak solution to the
Laudau-Lifshitz-Maxwell system .

Theorem 2. Let my be in H(Q) such that |mg|| = 1 almost everywhere in Q. Let
ho and eg be in L2(Q). Let f be in L2(RTxQ) Suppose div(hg +mg) = 0 in R3,
where g is the extension of mg by 0 outside Q2. Then, there exists at least one
weak solution to the Landau-Lifshitz-Mazwell system in the sense of Definition 1.

Uniqueness is unlikely as the solution is not unique when only the exchange
energy is present, see [3].

In our second result we characterize the w-limit set of a trajectory. The definition
is the following;:
Definition 3. Let (m,h,e) be a weak solution of the Landau-Lifshitz-Maxwell
system given by Theorem 2. We call w-limit set of this trajectory the set:

w(m,h,e) = {v € HY(Q),3(tn)n, lim t, = 400, m(t,, ) — v weakly in Hl(Q)} .

n—-+oo
We remark that m € L°°(]0, +-o00[; H'(Q2)) so that w(m, h,e) is non empty.

Theorem 4. Let (m,e, h) be a weak solution of the Landau-Lifshitz-Mazwell sys-
tem given by Theorem 2. Let u € w(m, h,e). Then u satisfies:

(1) w e HY(Q), ||u| =1 almost everywhere,

(2) for all p € HY(Q),
3

B ou dp
0= A/Q; (u(m)/\axl(w)> . a—xi(t,m)dw
+ /Q (@) K ()u(x)) - o(x)de
- /Q (uw(@)NH () - () d

- K (v yu)(yurv) - yedS(z)
(T*)

-1 / (yuny*m) - yedS(&)
(r*)

—2J; /F | (ru ) (yunyu) - edS().

(3) H is deduced from w by the relations:
div(H 4+ @) = 0 and curl H = 0 in D' (R?). (4.5)
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Remark 5. Equation (4.4) is the weak formulation of the following problem:

uN(AAu —Ku+ H) =0 in Q, where H, called the demagnetizing field,
satisfies (4.5),

om 4
E—O on 8Q\F s
om Ks
v I(V-vm)(u—(y-ym)ym)
J * *
+j(’y m — (ym - y"m)ym)
Ja

+ 2

L Omeym)(y'm — (ym - y'm)ym)  on RT x T,

5. TECHNICAL PREREQUISITE RESULTS ON SOBOLEV SPACES

In this section, we remind the reader about some useful previously known results
on Sobolev Spaces that we use in this paper. In the whole section O is any bounded
open set of R3, regular enough for the usual embeddings result to hold. For example,
it is enough that O satisfy the cone property, see[l, §4.3].

We start with Aubin’s lemma [4], as extended in [13, Corollary 4].

Lemma 6 (Aubin’s lemma). Let X CC B CY be Banach spaces. Let F' be bounded
in LP(]0,T[; X). Suppose {Oyu,u € F} is bounded in L"(]0,T[;Y). Suppose for all
tin .

e Ifr>1and1<p< +oo, then F is a compact subset of LP(]0,T[; B).

e Ifr >1 and p = 400, then F is a compact subset of C(0,T; B).

Lemma 7. For all T > 0, the imbedding from H*(]0, T[xO) to C([0,T],L2(0)) is
compact.

Proof. Use the Aubin’s lemma, see [13, Corollary 4], extended to the case p = 400,
with X = H}(O) and B =Y = L%(Q). |

Lemma 8. Let u be in H(]0, T[xO) NL*>(]0, T[; H(O)).
Then u belongs to C([0,T]; HL(O)) where HL(O) is the space HY(O) but with the
weak topology.

Proof. The function u belongs to C([0,T],L?(0)). Let now (t,), be a sequence in
[0, T] converging to t. Then, u(t,, ) converges to u(t, -) in L?(O). Also, the sequence
(u(tn,*))nen is bounded in H!(O), therefore from any subsequence of (u(ty,*))nen,
one can extract a subsequence that converges weakly in H*(O). The only possible
limit is u(t, -) therefore the whole sequence converges weakly in H!(O). O

Lemma 9. Let (up)nen be bounded in HY(]0,T[xO) and in L>(]0,T[; H}(O)).
Let (un,, )ken be a subsequence which converges weakly to some u in H*(]0, T[xO).
Then, for all t in [0,T], the same subsequence un, (t,-) converges weakly to u(t,-)

in HY(O).

Proof. For all t in [0, 7], un, (t,-) converges strongly to u(t,-) in L?(O). Therefore,
any subsequence un, (t,-) that converges weakly in H!(O) has u(t, -) for limit. Since
Unp, (t,-) is bounded in H'(O), from any subsequence of uy, (, ), one can extract a
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further subsequence that converges weakly in H'(O), therefore, for all ¢ in [0, 77,
the whole subsequence uy, (,-) converges weakly to u(t,-) in H(O). O

6. PROOF OF THEOREM 2

6.1. Idea of the proof. We proceed as in [6] and [12] and combine the ideas of
both papers. We start by extending the surface energies to a thin layer of thickness
2n > 0.

As in [12], we consider the operator

HT - HY Q) NL>®(Q) — HY(Q) NL>(Q)

L okm oy s 2wty 6
mi— — slm-viv—m) + 1m*—m .
2n +4J2((m . m*)m* _ ”m*HQm) n BX(I\I’I)’

where m* is the reflection of m, i.e. m*(x,y,z2,t) = m(zx,y, —z,t), see Figure 1.
The associated energy is:

FI1GURE 1. Artificial boundary layer

K
El(m) =~ (Im|* = (m - v)?) da

20 JBxz\1,)
J 2 * |2

B ()
2n Jex(z\1,) 2
J . .

b2 [ (Pl (e m)?) de
N JBx1\1,

This energy will replace the surface terms (3.2) and (3.3).
We consider the doubly penalized problem:

omy omy, 2 m
5t + My A P (14 a*)( m m + hy ) + Hl(my,,)) (6.3a)
— k(1 + ) (([manl” = Dmyy,),
omy.,
5, = 0 on 09, (6.3b)

my;(0, ) = mo, (6.3c)
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with Maxwell equations:

aek

EQWW + (e, + f)lg — curl by, = 0, (6.4a)
0 h

MOW +curley, =0, (6.4b)

ek,n(ov ) = €y, (6'4C)

hi.5(0,-) = ho. (6.4d)

The idea is to prove the existence of weak solutions to the penalized problem
via Galerkin, then have k tend to 4oco to satisfy the local norm constraint on
the magnetization, then have 1 tend to 0 to transform the homogenous Neumann
boundary condition into the nonlinear condition (4.1e).

6.2. First Step of Galerkin’s method. As in [3] we consider the eigenvectors
(vj)j>1 of the Laplace operator with Neumann homogenous conditions. This basis
is, up to a renormalisation, an hilbertian basis for the spaces L?(Q2), H'(Q2), and
{u € H*(Q), %% = 0}. The eigenvectors vy, all belong to C>(Q;R?). We call V,,
the space spanned by (vj)i<j<n. As in [6], we consider an hilbertian basis (w;);>1
of L%(R3;R3) such that every w; belongs to C2°(R3;R3). We call W,, the space
spanned by (w;)o<j<n-

Set n > 1,7 > 0 and k > 0. We search for m,, ., in H (R*; (V,,)?), hy i, in
HY(R*; W,,), and e, ,, in H(R*; W,,) such that

d'l’)’lmk7 dmn,k,
QT" = —Pv, (mn’m/\T")
+ (1 +a®)Py, (AA My, 1y — Ky, gn) (6.52)
+(1+ 0‘2)7)% (hn,k,n + Hg(mn,k,n))
— (14 a®)kPy, (([|men k> = D k),
and
dhn,k’77 . dTnn’}c’77
—a = toPw,, ( T ) + Pw, (curl €, k). (6.5b)
and
o denkn _ _p (curlh —Pw. (1 (6.5¢)
Ta w,, (cur n,k,n) W ( Q(en,k,n + 1)), :
with the inital conditions:
My k. (0,-) = Py, (mo), (6.6a)
hmkm(oa ) = PWn (h'O)a (66b)
en,k,n(oa ) = PWn (60)7 (660)

where Py, is the orthogonal projection on (V)% in L?(Q) and Py, is the orthogonal
projection on W,, in L2(;R3). Let a(t) = (ai(t))1<i<n, b(t) = (bi(t))1<i<n and
c(t) = (ci(t))1<i<n be the coefficients of my, 1, (t, ), Rniy(t, ) and e, (¢, <) in
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the decomposition

Then, System (6.5) is equivalent to

da da
E +¢(ava) - Fm(av b)a (673)
d(b+ L
(b+La) Fr(c), (6.7b)
de
d
di(t: - Fe(hn,kﬂl’ emkm) + f*7 (6'7C)

where L is linear, F,,, Fp and F, are polynomial thus of class C*°, and f* is in
L2(R*;R™). These are supplemented by initial conditions

a(O, ) = ag, b(O, ) = b(), C(O, ) = Co, (68)

where ag, by, and ¢q are obtained from (6.6). As ¢(:,-) is bilinear continuous and

¢(a,-) is antisymmetric, the linear application Id — ¢(a, -) is invertible. Therefore,

by the Carathéorody theorem, System (6.7) has local solutions with initial condi-

tions (6.8). Therefore, there exists T* > 0 and m, 1, in H'(]0,7*[; (V;,,)?), b k.

in H'(]0, T*[; W,,) and ey, k., in H*(J0,T*[; W,,) that satisfy (6.5) and (6.6).
Multiplying (6.5) by test functions and integrating by part yields:

// 8mn Iy k. - pdxdt + // (mn km/\a 8T;lm) - pdadt
0,T[xQ 0,T[xQ
:Hau// My 0D 4oy

( ) 10,T[x 9 ; Ox; O,

—(1+a? // (K(x)my, kn(x)) - pdacdt
10,T[x$2
+ (1 +a2)// R ey - dadt
10,T[xQ
S [ (maal? - D, - ddads
10,T[xQ

K,
+(1+ 042)— // (V-Mp )V — My k) - pdadt
0,T[x(Bx]=n,n[)

J
+ (14 a?) 1// (M}, o) — M k) - pdadt
10,T[x (Bx]=mn,n[)

// (Moo 10 Y0 1 — ([0 [P i) - bl
10,7 (x (Bx]—n1])
(6.9a)
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for all ¢ in C>°([0,7%],V,?). And

h’ﬂ n
o // <8 k| om ,k,n> Sapdxdt + // curl e, g, - dadt = 0,
10,T[xR3 ot ot 10,T[xR3
(6.9b)

for all ¢ in C*°([0,T*],W,,). And

€0 / / entn . @qgdt — / / curl hy, 1., - Odadt
j0,7[xR3 Ot 10,T[xR3

+o // (enkn+ f)-Odadt =0,
10,T[xQ2

(6.9¢)

for all ® in C°([0, T*], W,,).

By density, (6.9) also holds if ¢ belongs to L2(]0, T*[; V;3), 4 belongs to L2(]0, T*[, W,,),

and © belongs to L?(]0, T*[,W,,). As in [6], set ¢ = am” 21 in (6.9a), we obtain

A 1
5 [ IVman(Ta) e+ 5 [ (K(@)m,(T.2) - m(T,2)de
Q Q

i om,,,
5 [ Umeamanp—17ae— [ b, T g
4 Ja 10,T[xQ ot
« 3m k 2
+ B (Mo (T, - +7// nkn | qoar
(M g (T, -)) el ) O o x

<5 [19Puma)lPda + 5 [ (@Py, (mo)) - Py, (ma)da
5 [Py, ma) P = 10 + 2Py, (mo))
Q

Set ¥ = hy, i, in (6.9b), we obtain
1o 9 O o,
— | NPngn(T, ) ||“daedt + po —= - hy  pdadt
2 Jps jo.rxe O

+// hy k. - curl ey, i ,dadt
0,T[xR3

/ [Py, (ho) | 2dez,

Set ©® = e, 1, in (6.9¢c), we obtain

[ ewsa@ Al [ enn-cuthpdzat
2 R3 10,T[xR3
+0// ||en,k,n||2dwdt+0'// f - enpndedt
10, T[xR? 10,T[xR8
&
<2 [[ 1Pwy(enaa
2 | Jes
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Combining these three inequalities, we get an energy inequality

2
o o
Epin(T +7// dwdt+—// €n kp||*dxdt
(™) L+a? ) Jjo,7ix0 Ho ]o,T[xRSH ol

—1—1 // fenpndedt
Ho J Jjo,T[xR3

< ;1/Q|VPvn (mo)|*dz + % /Q(K(w)Pvn (mo)) - Py, (mo)dz

Omy, .y

ot

5 [UPw mo)lP =1z + BIPy, (o)

5 1
TN / [Py (€0)|2dz + = / [Py (ho)|Pdz
2/140 R3 2 R3
(6.10)
with

A 1
BuialT) = 5 [ I9masn(T )b + 5 [ (K@) i(T.2) - (T, )
k
7 [ (T @) - DPde
Q

€ 1

-l / lenn(T, ) |2dz + / P (T ) 2
2#0 R3 2 R3

B (1 (T, )

The projection P, (mg) converges to mg in H!(Q) and in L5(Q) by Sobolev
imbedding. The terms on the right hand-side remain bounded independently of n.
The last term on the left hand-side may be dealt with by Young inequality. Thus,
My ks Pk and e,k , cannot explode in finite time and exist globally.

6.3. Final step of Galerkin’s method. We now have n tend to +o0o By (6.10)
and using Young inequality to deal with the term containing f:

e m,, ;. is bounded in L>°(RT;L4(£2)) independently of n.
e Vm,, ., is bounded in L>°(RT;L?(Q2)) independently of n.

o Bmg% is bounded in L?(R*;1L2(€2)) independently of n.

e h, 1, is bounded in L>°(RT;L?(Q2)) independently of n.
e e, iy is bounded in L>°(RT;L?(Q)) independently of n.
Thus, there exist my, ,, in H}, ([0, +oo[; L2(2))NL>(]0, +-00[; H(Q)), hg,,, in L= (RT; L2(Q)),

loc

ey, in L (RT;L2(€)), such that up to a subsequence:

e m,, ., converges weakly to my,, in H'(]0, T[x€).
e m,, ., converges strongly to my,, in L2(]0, T[x€).

e m,, ;. , converges strongly to my, ,, in C([0, T]; L?(£2)) and thus in C([0, T; L?(Q2))
for all 1 < p < 6. See Lemma 6.

e Vm,, i, converges weakly to Vmy,,, in L?(]0, T[x ).

e For all time T, Vm,, (T, ) converges weakly to Vmy ,(T,-) in L?().
The same subsequence can be used for all time 7' > 0, see Lemma 9.
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OMap i,y
ot

e h, 1, converges star weakly to hy, in L°(RT;L2()).

o converges weakly to % in LZ(R*xQ).

e e, i, converges star weakly to ey, in L (RT;L?(1)).

Taking the limit in the energy inequality (6.10) as n tend to +oo is tricky: the
terms involving the L2(Q2) norm of e, x,(T,-) and hy, (T, -) are tricky. For all
T > 0, we can extract a subsequence of ey, i (T, -) that converges weakly to eg’n in
L2(Q) as n tends to +o0o. The tricky part is that it is unproven that efw is equal to
ein(T,-). If we had strong convergence of e,, 1, ,, as a function defined on Rt xQ or
if we had the existence of a subsequence along which e,, ;, , (T, -) converged weakly in
L2(Q) for almost all time T, then we could conclude directly. Unfortunately, while
we have for all T' > 0, the existence of a subsequence of e, i, (7, -) that converges
weakly in L2(£2), the subsequence depends on 7. We have the same problem for
Py k- There is no such problem with m(7, -), see Lemma 9. To solve the problem,
we first integrate (6.10) over |T1,To[ where 0 < 77 < T < 400 then we can take
the limit as n tend to +oco:

/Tsz (?lemk,n(T,.)||2d£C+ %/Q(K(m)mkm(va)) (T, ) da

k €
+7 [ (e @)l = 0o+ 2% [ Jen,(T.2)|Pde
Q Ho JRr3
1 @
+7/ hi(T, z)||*dx + E"(my (T, - +7//
3 [ I (T @)Pde + Bme @) 4 o [

SO ez T[] peeqgaer]ar
Ko J J10,T[xR3 Ho J J10,T[xR3
< (Tx —Th)&,

a 2
% dzdt

for all 0 < T < Ty < 400, where

A 1
& =5 [I9malda+ 5 [ (K@ymo) - mode + Elmo) + 2 [ fleolPde
2 Q 2 Q 2M0 k3

1
+§/ [hol|*d.
R3

Since the equality holds for all T} and T5, we have for almost all T > 0
1

A
5 [ 19,2z +
2 Jq 2

/(K(m)mk,n(T,w)) -my (T, x)dx
Q
k 2 2 €o 2
+ = | (Impen(T2)[|” —1)*de+ 5— | |lexq,(T,z)[|*dz
4 Ja 210 Jgs
+1/ s (T, 2)|2d2 + ET (g, (T ))+L//
2 Jgs T sV 1+a? J Jjorixe

R A R S e
Ko J Jj0,T[xR3 #o J Jj0,T[xRr3

amk,n
ot

2
dadt

(6.11)
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We take the limit in (6.9a) as n tends to +oo:

// a% - pdadt + // (mk’n/\amk,n) - pdadt
jorixe Ot 0,T[xQ ot

Gmk
-1 —n . d dt
N o //O T[x Z Ox; axz

(1+a2) //OT[XQ 2)muy (@) - (b, z)dadt

+ (14 a?) // hy., - pdadt
10,T[x2

K,
+(1+a2)—// (v -my)v —my ) - pdadt
n 0,T[x (Bx]—n,n()

J
+ (1422 // (my, , — myy) - pdzdt
10,T[x(Bx]=n.n[)

J *
2 o // ((mk n My, n) - ||mkn||2mkn) - ¢pdxdt,
10, T[x(Bx]=n,n[) 100
.12a

for all ¢ in |J,, C>([0,T[; V;?). By density, it also holds for all ¢ in H'(]0, T[xQ).
We integrate (6.9b) by parts then take the limit as n tends to +oo.

— o // (hgn + mkm))a—’l’bdmdt + // ey, - curl pdadt
R+ xR3 ot R+ xR3
— o [ (o + ma)) - (0, )
RS

for all 1 in U ([0, +o00[; W,,). By density, it also holds for all ¢ in L (RT; H'(Q))
such that 2% belongs to LY(RT;1L2(Q)). We integrate (6.9c) by parts then take the
limit as n tends to 4o0.

— €9 // ey - 8—®dwdt — // hy , - curl ©@dzdt
R+ xR3 ot R+ xR3

+ U//R+xg(ek’n + f) - ©dxdt (6.12¢)

(6.12b)

= 60/ eo - ©(0,-)dw,
R3
for all © in | J,, C2°([0, 4-00[; W,,). By density, it also holds for all © in L' (R*; H!(12))
such that 22 belongs to L' (R*;L%(Q)).

6.4. Limit as k tends to +o0o. By (6.11) and using Young inequality to deal with
the term containing f:

e my , is bounded in in L>°(R*;L4(£2)) independently of n.
Vmy,,, is bounded in L>(R*;L?(€2)) independently of n.

. 3"5: 2 is bounded in L2(R*;1L2(£2)) independently of n.
hy ; is bounded in in L>°(RT;L?(Q)) independently of n.
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e ey, is bounded in in L>°(R™;L?(Q2)) independently of n.
o k(||mg,,||? — 1) is bounded in in L°(RT;L?(Q)) independently of n.

Thus, there exist m,, h,, e,, such that up to a subsequence:

e m,,, converges weakly to m,, in H'(]0, T[x).

e my , converges strongly to m,, in L?(]0, T[xQ).

e my , converges strongly to m,, in C([0, T]; L?(Q2)) and thus in C([0, T]; LP(£2))
for all 1 < p < 6. See Lemma 6.

e Vmy,, converges weakly to Vm,, in L2(]0, T[x Q).

e For all time T, Vmy, , (T, -) converges weakly to Vm,(t,-) in L?(12).

omy,
ot

e hy,, converges star weakly to h, in L°(R*;L%(Q2)).

converges weakly to Bg:" in L2(RT xQ).

e e, converges star weakly to e, in L>°(R*;L?(Q2)).

Since ||y ,||? — 1 converges to 0, ||m,|| = 1 almost everywhere on Rt x(2.
For the reasons explained in §6.3, we integrate (6.11) over [T7, T»], drop the term
k[||lm,, |2 — 1HI2JQ(Q)/4, and compute the limit as k tends to +o0o. After the limit is

taken, we drop the integral over [T7, T3] and obtain that for almost all 7' > 0:

g/ﬂHVm,,(T,)Hde—i—%/Q(K(:B)mn(T,sc))-mn(T,sc)da:

€ 1
+o= / ||en(T7$)||2diL'+*/ [Py (T, 2)||*da
2/10 R3 2 R3
o om
En T . [ i/}
+ s(mﬁ( ’ ))+ 1+a2 //]O,T[XQ ot

+ 2 // e, |I*dedt + 7 // f - epdadt
Ho J J10,T[xR3 Ho J J10,T[xR3

A 1
< 3 / HVm0||2d:c + 5/(K(w)m0) -moydx
Q Q

2
dadt

(6.13)

€ 1
+ E7(mg) + —O/ ||eo||2d:c + 7/ ||h0||2d:c.
200 Jps 2 Jgs
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We replace ¢ in (6.12a) with my, ,A¢ where @ is C2°(RTxQ; R?):

—a// <mkn/\a kn) gpdmdt—F// My,
0,T[xQ ot 0,T[x9
5‘m
o e
10,T[x$2
omy, Op

—|—1+a2A// (m A ’”) dzdt

( ) o, T[xQZ:Z1 B By 0x;

+(1+a?) //0 ., (M (t, 2) ANK(2)my  (t, x)) - (t, x)dadt

| 8mk7,,
ot

—(1+a? //0 o (M, Ahy ) - pdadt
X

K
—(1+ahH)=—= // (v -my ) (my ,Av) - pdedt
- JJ10,1(x(Bx]-n.mn)

J
—(1+a®)Z // (my ,Amy ) - pdadt
" JJ10,7[x(Bx]-n.n]) l

J. * *
—aeaty2 [ (micy i) (A -t
n 0,T[x(Bx]—nn[)

We then take the limit as k tends to +oo:

om om
—« mﬂ\") ~god:cdt+// 1
//]O,T[XQ ( "ot jo,r[xq Ot
=+(1 +a2)A// i (m /\am,,,) Oe dadt
10,T[xQ = " Oy Ox;

+(1+a?) // (my(t, 2) \K(x)m,(t,x)) - ¢(t, x)dedt
0,T[xQ2
—(1+a?) // (myAhy) - pdedt
10,T[x 2
2y s
—(1+a°)— (v - my)(m,Av) - ededt
0,T[x (B x]—n,nl)
—(1+ az)ﬁ // (myAmy) - pdzdt
n JJ10,T[x(Bx]—n.n)
2)ﬁ// (my, - my)(myAm;) - pdzdt,
1 JJ10,7[x(Bx]~n.nl)

We take the limit in (6.12b) as k tends to +oo:

= 1o / / (hy +my))—- % et + / / e, curl pdxdt
Rt xR3 ot R+ xR3

= lo /]RS (ho +my)) - (0, -)dz

for all 4 in L*(R*; H'(Q2)) such that Y helongs to L' (R+;12(Q)).

17

wdxdt

(6.14a)

(6.14b)
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We take the limit in (6.12¢) as k tends to +oo.

— €0 // —d:cdt — // h,, - curl ©@dxdt
R+ ><]R3 Rt xR3

+ U//}stz(en + f) - ©dadt (6.14c¢)

= 50/ ey - 0(0,)dx,
R3
for all © in in L*(R*;H'(Q2)) such that 22 belongs to L*(R*;L?(Q)).

6.5. Limit as 7 tends to 0.

Since H'((2) is continuously imbedded in C°(] — L=, LT[\{0};L*(B)), E’(my)
remains bounded independently of  and converges to E;(my). Thus, using (6.13)
and the constraint ||m,|| =1 almost everywhere:

e m, is bounded in L= (R* xQ) by 1.
e Vm,, is bounded in L>°(RT;L?(Q2)) independently of 1.

° % is bounded in L2(R*;L2(£2)) independently of 7.

hy,, is bounded in in L>°(R™;L?(2)) independently of 7.
e e, is bounded in in L>°(RT;L?(Q2)) independently of .
Thus, there exists m in L (R*; H(Q)) and in H}.

loc

and e in L>°(R*;1L2(Q)) such that up to a subsequence
e m,, converges weakly to m in H'(]0, 7[x2).
e m,, converges strongly to m in L2(]0, T[x£2).

e m, converges strongly to m in C([0,7;L?(2)) and thus in C([0, 7; LP(2))
forall 1 <p < +o0.

e Vm, converges weakly to Vm in L2(]0, T[x).
e For all time T, Vim,)(t,-) converges weakly to Vmi(t,-) in L?(1).

My
ot
e h, converges star weakly to h in L>°(RT;L?(9)).

m

converges weakly to 2™ in L2(R*x ().

e e, converges star weakly to e in L=°(RT;L2(Q)).

As ||m"|| = 1 almost everywhere, |m| = 1 almost everywhere. Moreover, as
m,(0,-) = mg, we have m(0,-) = my.

For the reasons explained in §6.3, we integrate (6.13) over [T}, 1], and compute
the limit as 7 tends to 0. All the volume terms converge to their intuitive limit.
Taking the limit in the surfacic terms requires more work. The space H*(]0, T[x€2)
is compactly imbedded into

Co([-L~,0);L%(J0, T[xB) ® C°([0, L*];L2(]0, T[x B)).

This is a direct application of Lemma 7 with O =]0,T[xB and, thus a direct
consequence of the extended Aubin’s lemma 6. Therefore, m, converges strongly

([0, +00[; L2(2)), h in L>=°(RT; L2(Q))
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to m in
CO([-L~,05;L2(10, T[x B) ® C°([0, LT]; L*(]0, T[x B)).
Since ||m, || = 1, the convergence is strong in
C*([-L7,0[;LP(J0, T[x B) @ C°([0, L¥]; L*(J0, T[x B)),

for all p < +00. Therefore,

Ts
lim sup / B2 (mg(t, ) — E1(m(t, )

n—0

<m1?jgpf / / // | Py (t), mi () — Pm(t), m* (1))]| dadydzdt

< lim sup sup / / (| P (¢ a() — P(m(t), m*(t))| dedydt
n—=0  z€[—n,n]

<0,
where P is some polynomial. Moreover, m(-,-) belongs to:

C([-L~,0);L7(J0, T[xB)) ® C°([0, LT]; LP(]0, T[x B)).

Therefore, we have

T
1imsup/ IEZ(m(t,-)) — Es(m(t,-))||dt

n—0

<hmsup/T2/ // | (P m*(t)) — P(m(z,y,0",t), m(z,y,0,t)))|| dzdydzdt

n—0
<limsup sup / / ||P *(t)) — P(m(x,y,0",t), m(z,y,0,t H dadydt
n—=0  z€[-nn]

<0.

Hence, the integral over [T1,T3] of inequality (4.3d) holds for all 0 < T7 < Tb,
therefore inequality (4.3d) is satisfied for almost all T' > 0.

We take the limit in (6.14a) as 7 tends to 0. All the volume terms converges to
their intuitive limit. Moreover, because of the strong convergence, along a subse-
quence, of m,, to m in

CO([=L7, 057 (J0, T[x B)) @ €°([0, L¥]; L”(J0, T[x B)),



20 GILLES CARBOU, PIERRE FABRIE, AND KEVIN SANTUGINI

for all p < +o00, we have

lim sup — ‘ / (v - my)(myAv) - p(t, x)dedt
T[x(Bx]=n.nl)

n—0
—// (v-m)(mAv) - (t,m)dmdt‘ =0,
0,T[x (B x]=n,n[)

lim sup — // (m,,/\m ) - p(t, z)daedt
n—0 0,T[x(Bx]—n,n[)
- // (mAm™) - <p(t,:c)docdt‘ =0,
10,T[x (B x]=n,n[)
lim sup — ‘ / (M, - my) (myAmy ) - p(t, z)dedt
n—0 —n:nl) 7

- // (m-m*)(mAm™) - go(t,az)dmdt‘ =
10,T(x (Bx]—n,n0)

Since m belongs to
C([-L7, 05 L7(J0, T[x B)) @ €°([0, L*; LP(J0, T[x B)),

each surface term also converges to its surface intuitive limit. Therefore, the weak
formulation (4.3a) is also satisfied.

We take the limits as 7 tends to 0 in (6.14b) and (6.14b). All the volume terms
converges to their intuitive limit. Hence, relations (4.3b) and (4.3c) are satisfied.
This finishes our proof of Theorem 2.

7. CHARACTERIZATION OF THE w-LIMIT SET

We consider (m, h,e) a weak solution to the Landau-Lifshitz-Maxwell system
given by Theorem 2.

We consider u € w(m). There exists a non decreasing sequence (t,,), such that
t, — +oo, and m(t,,-) — u in H'(Q) weak. Since Q is a smooth bounded
domain, then m(t,,-) tends to uw in LP(Q) strongly for p € [1,6[, and extracting
a subsequence, we assume that m(t,,-) tends to u almost everywhere, so that the
saturation constraint ||u|| = 1 is satisfied almost everywhere.

In addition, we remark that for all n, ||m(¢,,-)|| = 1 almost everywhere, so that
lm(tn, )|~ @) = 1. By interpolation inequalities in the L” spaces, we obtain that
for all p < 400, m(t,,-) tends to w in LP(Q2) strongly.

First Step. we fix a a non negative real number. for s €] — a, a and z € Q, for
n large enough, we set

U,(s,z) =m(t, + s, ).
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We have the following estimate:

2

1 [ 1 [ 50
% /_a/QHUn(s,w) —m(t,, x)|*dxds = %a /_a/Q ; 8—?(15” + 7, x)dr|| dzds
1 [ +oo 19 2
< — \s\/ / —m(r,az) drdxds
2a —a QJt,—a at
+oo 2
< a/ / a—m(T,w) drdex.
tn—a JQ ot
. om , . _, .
Since 5 sin L2(RT x ), we obtain that
/ / (U (s, ) — m(t,, z)||*deds — 0 as n tends to + oo.
—a JQ
Since m(t,, ) tends strongly to u in L?(2), then
U, tends strongly to u in L*(] — a,a[; L*(Q)). (7.1)

We remark now that the sequence (VU,), is bounded in L°(] — a, a[;L?*(Q)).
In addition, (ag;")n is bounded i3n L%(] — a,a[;L?(Q)). So, by applying Aubin’s
Lemma with X = H'(Q), B = H%(Q), Y = L*(Q), r = 2 and p = +o0, we obtain
that (U,), is compact in C°([—a, a; H3 (€2)), so that

U, tends strongly to u in C°([—a, al; Hi (Q)). (7.2)
By continuity of the trace operator, since Hi (I') C L2(T'), we obtain that

v(U,) — ~(u) strongly in C°([—a, a]; L*(T)).

In addition, by classical properties of the trace operator, for all n, |[Uy || (—q,a[x) =
1, 50 [|[v(Un)|lLoe ([—a,a)xr) < 1. We obtain then in particular that

v(U,) — ~v(u) strongly in LP(] — a,a[xdQ), p < +oo.

Second step. We consider a smooth positive function p, compactly supported
in [—a, a] such that

Pl < 2.

For n great enough, we set

1 [ 1 [
hl(z) = %/ h(t, + s,x)py(s)ds and el (x) = %/ e(ty, + s,x)pa(s)ds.

—a —a
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By construction of (m,h,e), we know that h and e are in L>°(RT;L?(R?)). We
have the following estimate:

1 /(e 2
n|2 _
2y = [ |ge [ R+ s@dnu(e)as] de
< o [ Besy [ [ b+ sa)Pasa
S % . P S 82(1 s n S, &L sdaxr
2a
< 7||hHL°°(R+ L2 (R3))-
Therefore,
Va > 1, Vn, [R2 ke < [l e a2, (7.3)
In the same way, we prove that
Va > 1, Vn, [leglLems) < [l€]lLe @+ L2 @e))- (7.4)

So for a fixed value of a we can assume by extracting a subsequence that h]} and
e converge weakly in L?(R?) when n tends to +oo:

h" — h, and e — e, weakly in L*(R*) when n — +oc.

In the weak formulation (4.3a), we take ¢(t, @) = 5= pa(t — )3 () where ¥ €
D(Q). We obtain after the change of variables s = t — t,,:

/ / ( B /\a(g ) cp(x)pa(s)deds =T + ...+ T

T, = (14 a?) //Z(sx Z(t,m))~§z(m)dmds,

Ty = (1 +a?) 2a/ / (5, ) AK (@)U (5, ) - (@) pa (5)dads,

with

T3 =—(1+a? 2a/ / (s,z)Ah(t, + s,@)) - P (x)pa(s)dads,
1= -+ [ /( AU OU) (@) )45 )
To= oy [ 0T @@

Ts = —2(1 + o® Jg—[ /Fi) YU, -7 Upn) (YUY Us) - ¥1h(2) pa(s)dS(2)ds.

Now for a fixed value of the parameter a, we take the limit of the previous
equation when n tends to 4o0.
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Left hand side term: we have the following estimates.

Lo ou,, ou,,
2a /—a/ﬂ ( ot aUnh =5~ ot ) “p(x)pa(s)deds

1 [ ou,
<(ta)y [ a5 e o e

2a
d ds)

< \ﬁ d:cds) ’

Since %—T € L*(RT;1L3(Q)), the last right hand side term tends to zero when n

(and so t,,) tends to +00. Therefore

2@/ / ( aU, /\ag; > () pe(s)deds — 0 when n — +oo.

ou,, R ou o
8%‘1' 8l‘i

N

< \/>||'¢'HIL2 o (1 (

> 1
1% [lL2 () (1 + ) ( 8t

Limit for Ty : since U,, — w strongly in L2(] — a,a[xQ), since

L2(] — a,a[x9) weak, we obtain that

71— 1+ o)y [ gl ds/z< Nt >) L (w)de

Limit for Ty: since U, tends to u strongly in L2(] — a, a[x ),

a

T — (1+ az)A% pa(s)ds/ (u(x) K (x)u(x)) - ¥ (x)dx.
Q

Limit for Ts: we write
1 a
Ty = —(1+a2)/ u/\hZi/de—&—(l—i—aQ)?/ /((u—Un)/\h(tn—l—&m))-¢(m)pa(s)dwds.
Q aJ-ala

We estimate the right hand side term as follows:

2/ a [ (= U)AR(E + 5.2)) - (@ (s

< [Pl @) llw — UnllLz g—a,ax o) 1RlL2 (6, —a,tn +a[x2) -

So since U, tends to u in L2(] — a, a[x), we obtain that

Ty — —(1+a?) / (whhy) - iz
Q
Limit for Ty, Ts and Tg: since v(U,,) — ~(u) strongly in LP(] — a, a[x'¥) for
p < 400, the same occurs for v*(U,,) so that we obtain:

a

Iy (1t o) Ky [ puls)as / (v - ) (yunw) - yep(@)dS (&),
a (T+)

—a
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a

1
Ts — —(1+ aQ)Jlg/

—a

pa(s)ds /(Fi)(’yu/w*u) -y (2)dS(2),

a

1
To — —2(1+ QQ)JQ%/

—a

pa(s)ds /( o (O ) @S )

So we obtain that w satisfies for all 1 € D'(Q):

af Z (W@ g@)) - L @ae + 4 [ (@) K(@u(a) - vy

2a

fm(l +a?) /Q urh pdx — K, (v - yu)(yuAv) - yab(2)dS(z)

r+)

—J1/ (yury* u) - yap(&)dS(z) —2J2/ (yu -y u)(yury*u) - yp(2)dS(2) = 0.
(1) (1)

We remark that by density, we can extend this equality for all v € H* ().
We take now the limit when a tends to +o00. By definition of p, we obtain that

2a
I peds
Concerning h,, by taking the weak limit in Estimate (7.3), we obtain that:
Va > 1, [|hallL2rs) < 2[|h[|lLe ®+L2®s))- (7.5)
So by extracting a subsequence, we can assume that
ho— H in L?(R®) weak when a — +oo.
In (4.3b), we take ¥ (t,z) = 0,(t — t,)VE(x) where £ € D(R?) and where

t
9a(t):/ pa(s)ds.
We obtain then that
o [ [ (it +5,2) + Talo@) - Ve(@lpa(s)dads
—a JR3

~ o /R3(ho +TG) - VE@)0a(0)d = 0

since div(hg +79) =0
So for all £ € D'(R3), for all a > 1 and all n great enough,

a

— o /RS(hZ(fB) + % U, (s,)pa(s)ds) - V&(z)dx = 0.

—a

We take the limit of this equality when n tends to +oo for a fixed a:

1 e -
o [ (hal@) 4 55 [ pu(s)dsut@) - Ve(a)da =0,
R3 a J_q
and taking the limit when a tends to +oo0, we get:

i [ (H(@)+ (@) - Ve(a)de =0
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that is
div(H 4+ @) = 0 in D' (R?).
n (4.3c), we take ©(t, @) = 5= pa(t — t,,)€(x), where £ € D(R?). We obtain:
—50—/ / (tn + s,2) - pl(s )§(a:)dacds—/ hy - curl édx
R3
+0/ dm+a/ / ftn + s,@)pa(s)é(x)dxds =
= €0 /3 ey &(x)pa(—tp)dx. (7.6)
R

For n large enough, the right hand side term vanishes. We denote by ~7 the

term:
= _507/ / (tn + s, ) - pl(s)¢(x)dxds.
_a JR3

280

We have:
Vol £ — ||§HL2 R3) [|€[|Loo (r+L2 (R3)) -

So for a fixed a, we can extract a subsequence till denoted 7' which converges to a
limit ~, such that

€0
1Val < 7”§”L2(R3)||6HL°°(]R+;L2(]R3))~

Moreover,

‘ 2“/ /f + 8, @)pa(s)é(x)dxds

<o (1t ) (f ‘;<pa<s>>2ds)é I€llon-
’ 1

a “+ o0
2| a /Q Fltn + 5,@)pa(s)(@)dzds| < fnenm) ( /t”_allf(s,-)llizm)dS)

thus for a fixed a, since f € L?(RT x ), this term tends to zero as n tends to +oc.
Therefore taking the limit when n tends to +o0 in (7.6) we obtain:

'yaf/ ha-curlfda:Jra/ea~§(a3)dw:0.
RS Q

Taking now the limit when a tends to 400 yields

1
2

— | H-cwléde + O’/ E - {(x)dz =0, (7.7
RS Q

where F is a weak limit of a subsequence of (e,)q.
In the same way, in (4.3b), we take ¥(t,x) = pu(t — tn)E(x). By the same
arguments, we obtain that
FEcurl{ =0,
R3
that is curl E = 0 in D' (R?).
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So we remark the E is in H,.;(R3) and by density of D(R?) in this space, we
can take £ = F in (7.7). We obtain then that

o [ 1B =0,
Q

Therefore we obtain from (7.7) that

Ve € D(R?), H - curlédx = 0,

Rfi
that is curl H = 0 in D'(R3).
So H satisfies:
div(H +w) =0,
curl H = 0.

This concludes the proof of Theorem 4.

8. CONCLUSION

In this paper, we have proven the existence of solutions to the Landau-Lifshitz-
Maxwell system with nonlinear Neumann boundary conditions arising from surface
energies. We have also characterized the w-limit set of those weak solutions.

Further improvements should be possible. On the one hand, we expect that
extending these results to curved spacers should be possible. No fundamental new
idea should be necessary to carry out such an extension of our results as long as
the spacer fully separates the domain in two. However, even in that case, the
technicalities would lengthen the proof and the statement of the theorem as it
would be necessary to write down geometric conditions on the spacers (the spacer
cannot share a tangent plane with the domain boundary as it would create cusps).

On the other hand, the construction of more regular solutions for this model
remains open.
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